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Abstract This note presents a method of how the bed shear stress caused by breaking random
waves on slopes can be estimated. This is obtained by adopting the Sumer et al. (2013) bed
shear stress formula due to spilling and plunging breaking waves on hydraulically smooth slopes

waves; combined with the Myrhaug and Fouques (2012) joint distribution of surf similarity parameter
Surf similarity and wave height for individual random waves in deep water. The conditional mean value of
parameter; the maxima of mean bed shear stress during wave runup given wave height in deep water is

provided including an example for spilling and plunging breaking random waves corresponding
to typical field conditions. Another example compares the present results with one case from
Thornton and Guza (1983) estimating the wave energy dissipation caused by bed shear stress
beneath breaking random waves.

© 2021 Institute of Oceanology of the Polish Academy of Sciences. Production and
hosting by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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The kinematics and dynamics of the fluid motion within
the wave boundary layer near the seabed in shallow and
intermediate water depth of wave-dominated areas are
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the dominant mechanism governing the flow and sediment
transport. As the waves approach the surf and swash zones
the flow is intensified by wave breaking leading to enhanced
turbulence production. The bed shear stress represents an
important flow component playing a crucial role affect-
ing the sediment transport and morphology and therefore
the stability of scour protections in coastal regions. Fur-
ther details on the background and complexity together
with a comprehensive literature review of breaking waves in
coastal zones are provided in the recent textbook of Sumer
and Fuhrman (2020).

The purpose of this article is to present a simple ana-
lytical method which can be used to give first estimates
of the bed shear stress caused by breaking random waves
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on slopes. This is achieved by adopting the Sumer et al.
(2013) bed shear stress formula for spilling and plunging
breaking regular waves on hydraulically smooth slopes as-
suming that it is valid for individual breaking waves within
a sea state of random waves. Then, the joint statistics of
bed shear stress and wave height in deep water is derived
by transformation of the Myrhaug and Fouques (2012) joint
distribution of surf similarity parameter and wave height for
individual random waves in deep water. Examples of calcu-
lating the conditional mean value of the maxima of mean
bed shear stress during wave runup given the wave height
in deep water corresponding to typical field conditions are
provided.

The article is organized as follows. This introduction is
followed by giving the theoretical background of the present
approach. Then the statistical properties of the bed shear
stress is derived by combining the Sumer et al. (2013) for-
mula and the Myrhaug and Fouques (2012) joint probability
density function (pdf) of surf similarity parameter and wave
height. Two examples are provided by first demonstrating
application of results in terms of the conditional mean value
of the maxima of mean bed shear stress during wave runup
given wave height in deep water for spilling and plunging
breaking random waves corresponding to typical field con-
ditions, and second by comparing the present model pre-
dictions with one case from Thornton and Guza (1983) esti-
mating the wave energy dissipation due to bottom friction
beneath breaking random waves. Finally, a summary and the
main conclusions are provided.

The Sumer et al. (2013) empirical formula for the bed
shear stress due to spilling and plunging breaking regular
waves is

U
VeHo
where the bed shear stress is given terms of the friction ve-
locity u, = /max(tomax)/p, i.€., associated with the maxi-
mum value of the mean bed shear stress due to the breaking
wave (see their Egs. (16), (17), (18) and Fig. 9). Here p is the
fluid density, g is the acceleration due to gravity, Hp is the
deep water wave height, & is the surf similarity parameter
defined as & = m/./sp where m = tan g is the slope with an
angle B with the horizontal, s = Hy/((g/27)T?) is the wave
steepness in deep water (i.e., using the linear dispersion re-
lation), and T is the wave period. Eq. (1) is based on best
fit to data obtained from the small scale laboratory experi-
ments by Deigaard et al. (1991) and Sumer et al. (2013). The
data represent flow conditions for regular breaking waves
over a hydraulically smooth bed during the wave runup, and
the types of breaking waves were classified based on those
according to Galvin (1968):

=0.0855"¢, 0.19 <& < 1.42

M

& <05: spilling
0.5 <& <3.3: plunging (2)
& >33: surging

Further details on the background of these results are
provided in Sumer et al. (2013) and Sumer and Fuhrman
(2020). It should be noted that the surf similarity param-
eter was introduced originally by Iribarren and Nogales
(1949) and later applied by Battjes (1974).

Sumer et al. (2013) stated that caution must be observed
when Eq. (1) is used outside the indicated parameter range.
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This was followed by: “However, the range of the surf simi-
larity parameter is sufficiently broad to cover, for the most
part, most practical situations, namely spilling and plunging
breaking conditions not only in the laboratory but also in the
field.” Thus, motivated by this and taken as a first-order ap-
proximation, Eq. (1) is adopted and assumed to be valid for
individual breaking random waves which in deep water has
the wave height Hy and wave period T. Then, for individual
breaking random waves, Eq. (1) is rearranged to

u=he,

where

Uy <u<u

3)

u 4.
C §rdmsv gHOrms

and h = Hy/Horms, & = &0/&rms are the normalized variables
using the root-mean-square (rms) values Horms and &qps, re-
spectively. Thus, u; = ﬁéf with & =0.19/&,s and u; =
Vhed with & = 1.42/&.s.

Here the joint pdf of u, and H, is obtained from the
joint pdf of & and H, provided by Myrhaug and Fouques
(2012) which was derived by transformation of a joint pdf
of wave steepness sy and H, given by Myrhaug and Kjeld-
sen (1984). This empirically based joint pdf of s, and Hp
was a result of best fit to data from wave measurements
with wave rider buoys made at three different deep wa-
ter locations at sea on the Norwegian continental shelf. The
Myrhaug and Fouques (2012) joint pdf of the normalized
variables & = & /&ms and h = Hy/Horms is

p(&. h) = p(&|lh)p(h) (5)

where the marginal pdf of h, p(h), and the conditional pdf
of & given h, p(£|h), are given as a two-parameter Weibull
pdf and a lognormal pdf, respectively, as

(c.d) = (0.085,0.6) (4)

2.39h"3 h \2¥
P(h)ZWeXP |:—<105> i|; h>=0 (6)
1 (Ing — )
h) = bkl B o 1 7

The mean value u; and the variance ag of ln& are given
as, respectively,

_[—0.048 +0.5105h — 0.279h* for h < 1.7 (8)
M =1-0.125arctan [4(h — 1.7)] + 0.0135 for h > 1.7
—0.0375 arctan[1.75(h — 1.20)] + 0.05625

)

One should notice that here the function arctané is de-
fined for an angle 6 in the range —7/2 < 6 < /2. Further-
more, based on best fit to data the rms values Hy;ms and &ms
are

Horms = 0.714 H;

2
O

(10)

=0 S (11)
™ BT T w7

where H; is the significant wave height and s, is a charac-
teristic wave steepness for the sea state defined in terms
of H; and the mean zero-crossing wave period T,. A plot of
p(&, h) is given in Fig. 6 in Myrhaug and Fouques (2012).
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Figure 1

The joint pdf u and h is obtained from the joint pdf of &
and h by a change of variables from &, h to u, h yielding

p(u, h) = p(ulh) p(h) (12)
where p(h) is given in Eq. (6). This change of variable from
& to u only affects p(&]h) since & = u%h’f?, and by using

the Jacobian |d¢/du| = uji”h’zid/d, this gives the following
conditional lognormal pdf of u given h

Inu— )’
p{—‘””zgz“’} (13)

u

1
ulh) = — ex
pluth) V2mwouu
Here 1, and a} are the mean value and the variance,
respectively, of In u, given by

1

05 = d? aéz (15)
where u; and ag are given in Egs. (8) and (9), respectively.

Figure 1 shows the isocontours of p(u, h) with the peak
value pmax =2.24 located at u=0.93 and h=0.74. Overall,
it appears that u increases as h increases up to about h=1.5
above which the pdf is nearly symmetric with respect to u
of about 1.25.

Figure 2 depicts the conditional pdf of u given h for
h=0.5,1.0, 1.4 and 2.1, i.e. corresponding to wave heights
equal to Horms/2, Horms, Hs and 1.5H;, respectively (since
Ho = hHorms and by using Eq. (10)). From Figure 2 it is ob-
served that the peak values are shifted to higher values of u
with varying peak values as h increases. The pdfs for h=1.4
and 2.1 are nearly symmetric with respect to u. The fea-
tures observed here are consistent with those observed in
Figure 1.

Isocontours of p(u, h) with the peak value pmax =2.24 located at u=0.93 and h=0.74.
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Figure 2  p(ulh) versus u for h=0.5, 1.0, 1.4 and 2.1.

According to Eq. (3), u is defined within a finite inter-
val, and thus the conditional pdf of u given h follows the
truncated lognormal pdf:

1
pe(ulh) = N*1P(U|h), U <u<u (16)
N1:®|:lnuz_ﬂu]_©|:lnu1_ﬂu] (17)
Oy Oy
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Figure 3
tively.

where @ is the standard Gaussian cumulative distribution
function (cdf) given by

1 4 71‘2/2

It should be noted that the results in Figures 1 and 2 are
modified for the truncated pdf in Eqgs. (16) and (17) since
the results depend on the interval limits u; and u,. That
is, the results will vary depending on the beach slope and
the wave conditions as demonstrated in the subsequent ex-
ample. However, overall Figures 1 and 2 exhibit the main
features of the joint pdf of u and h.

Here the results will be exemplified by considering the
conditional expected value of u given h as calculated from
the truncated pdf in Eqs. (16) and (17) as (Bury, 1975)

E[ulh] = [, u p¢(ulh) du

(18)

(19)
= 5 &P (1 + 3 97)
— 2 _ 2
N, = (I>|:ln u; ((f‘u'f’au)] _ q>|:|-n Uy ((Tllfu'f'au)] (20)

An alternative to the present stochastic method is to ap-
ply Eq. (1) for breaking random waves by using it for an
equivalent sinusoidal wave, i.e. by replacing Hy with Horms
and T with T,. By referring to this as the deterministic
method, the result is

0.6

Ui det = 0.085 Srrﬁs \% gHOrms (21 )

Figure 3 shows U,get//SHorms Versus &ms in the
range 0.19 < &5 < 1.42 according to Eq. (21). The other

two lines depict E[u.|h = 1]//gHorms = 1.1303u,4et and
Elu,lh = 1.4]//9Horms = 2.1228U,.¢et Versus &rns, which are
based on that E[ulh=1]=1.1303 and E[ulh=1.4] =
2.1228, respectively, using the non-truncated pdf, i.e.
Egs. (19) (with N/N;=1), (8), (9), (14) and (15). Thus,
Figure 3 shows the relative differences between u, us-
ing the deterministic method and u, given the wave
heights corresponding to Homs and Hs, respectively.
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U, det/~/SHorms, E[uslh = 11//9Horms and E[u.|h = 1.4]/\/9Horms versus &msfrom the lower to the upper lines, respec-

As referred to regarding the results in Figures 1 and 2, the
results in Figure 3 will also be modified using the truncated
pdf in Egs. (19) and (20) depending on the beach slope and
the wave conditions, i.e. also affecting the range of validity.

One should notice that the bed shear stress is not a func-
tion of the local water depth. However, as demonstrated
in the example by comparing the present results with one
case from Thornton and Guza (1983) (hereafter referred to
as TG83), the wave energy dissipation due to bottom fric-
tion beneath breaking random waves given in Eq. (36) con-
tains the local water depth hy. Moreover, another factor
not accounted for is the bed roughness. The results are
valid for hydraulically smooth flow for which the roughness
Reynolds number u.ks/v < 5, ks = 2.5d5q is Nikuradse’s bed
roughness, dsg is the median grain size diameter, and v is the
kinematic viscosity of the fluid (Soulsby, 1997). This aspect
is addressed further in the subsequent example.

The present method should be validated by comparing
predictions with data from measurements. Data from bed
shear stress measurements for spilling and plunging break-
ing random waves on slopes associated with well-defined
random wave conditions in deep water are required for
making a proper validation of the method. To the authors’
knowledge such data are not available in the open litera-
ture. Thus, first an example is included to demonstrate the
application of estimating the bed shear stress caused by
breaking random waves on slopes over hydraulically smooth
beds, and second by comparing the present model predic-
tions with one case from TG83 estimating the wave energy
dissipation due to bottom friction beneath breaking random
waves.

First, results are exemplified for h = 1, i.e. a deep water
wave height corresponding to Homs. Thus, substitution of
this in Egs. (8), (9), (14) and (15) yields

1ty = 0.1101 (22)

o2 = 0.0248 (23)
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The given flow conditions are:
e Ho=2m, T, =6.5s.

This gives Homs =1.4m from Eq. and s, =

0.03, &ms = 6.9m from Eq. (11).

(10)

 Beach slopes m = 0.05, 0.10.

For these slopes, &ms =0.345 and 0.69, respectively.
Thus, by taking Eq. (2) to be valid for random waves re-
placing & with &5, these two values of &.,s correspond to
spilling and plunging breakers, respectively.

For spilling breakers (m=0.05) this gives:

uy = (0.19/0.345)% = 0.6991 (24)

u; = (1.42/0.345)%6 = 2.3371 (25)

which substituted in Eqs. (17), (19) and (20) yields

N; =0.9985, N, = 0.9991 (26)
0.9991

E[u|h=1]=m-1.1303:1.1310 (27)

For plunging breakers (m=0.10) this gives:

uy = (0.19/0.69)%¢ = 0.4613 (28)

u; = (1.42/0.69)%° = 1.5419 (29)

which substituted in Eqs. (17), (19) and (20) yields

Ny =0.9798, N, =0.9710 (30)
0.9710

E[u|h=1]=m~ 1.1303 = 1.1201 (31)

It should be noted that for the non-truncated pdf the
result is E[ulh = 1] = 1.1303, i.e. the effect of truncation is
insignificant in this example.

Finally, based on the truncated pdf, the conditional ex-
pected value of the friction velocity for spilling breakers
using Egs. (4) and (27) becomes

E[u*lHO = HOrms] =1.1310-0.085
-0.345%64/9.81.1.4=0.188m/s

Similarly, the conditional expected value of the friction
velocity for plunging breakers becomes

(32)

E[u,|Ho = Horms] = 1.1201 - 0.085
-0.69°4/9.81.1.4=0.282m/s

Furthermore, by using Eq. (21) it follows that the
stochastic to deterministic ratio, E[u.|Hy = Horms]/Usx det, b€-
comes 1.1310 and 1.1201 for spilling and plunging breakers
according to Egs. (32) and (33), respectively, i.e. ratios of
about 1.1 in this example.

As referred to the present method is valid for hydrauli-
cally smooth flow, i.e., for u,dsy/v < 2, and consequently
for dsy < 2v/u,. Thus, by taking v = 1.36 - 10-¢ m?/s, it fol-
lows by substituting for u, from Eqs. (32) and (33) that
the results are valid for dsg < 15 mm and dsp < 10 mm

(33)
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for spilling and plunging breakers, respectively. These up-
per values of grain sizes correspond to gravel representing
pebble (Soulsby, 1997).

Second, the wave energy dissipation due to bottom fric-
tion beneath breaking random waves is estimated and com-
pared with one case from TG83. TG83 calculated the aver-
age frictional energy dissipation by first time-averaging and
then averaging over all Rayleigh-distributed wave heights
yielding (see their Eq. (40))
Eorc = pcfﬁ(w@ ? (34)
where ¢; is the bed friction coefficient, and hy is the water
depth. This result is based on assuming shallow water waves
and that H,,s = 0.42h,.

The present method is used to estimate the wave en-
ergy dissipation by first considering that for regular waves
as Ep = %foTr(t)u(t)dt where ©(t) = pu,Zu(t)|u(t)| is the
time-varying bed shear stress, t is the time, u(t) = Up sin wt
is the horizontal regular wave-induced velocity with the am-
plitude Uy, and w = 2/T is the angular wave frequency.
Substitution of this gives Ep = (4/37)pu,2Us%. Further, in
shallow water Uy = (H/2)./g/hg, giving

1
Ep= puJG(Wg/th

Then, application of this for breaking random waves in
shallow water with H = H,,s = 0.42hy, the deep water wave
height as Hy = Horms, and taking u, as E[u.|h = 1], yields

35)

1
Ep = pg—(0.42/8he)’ 3o, (E[ulh = 1) (36)
The present result is compared with that by TG83 by tak-
ing the ratio of Eq. (36) (using Eq. (21)) and Eq. (34) giving

b _s 8
Epts - Cy 3ﬁ

Now the wave conditions representative for Torrey
Beach, California during November 1978 used by TG83 is
adopted: ¢y = 0.01, beach slope g =0.02, Homs =0.5 m,
spectral peak period T, = 14s. However, the present method
uses T, and by assuming a Pierson-Moskowitz wave am-
plitude spectrum (Tucker and Pitt, 2001) T, = 0.7T, = 9.8s,
which gives &,s = 0.35 from Egs. (10) and (11), i.e., spilling
breakers. By taking E[ulh = 1] = 1.13 from the previous ex-
ample, substitution in Eq. (37) gives the ratio Ep/Eprg = 1.9.
TG83 estimated the frictional dissipation to be less than 3%
of the dissipation due to breaking for depths larger than 0.2
m within the surf zone, which was similar to results for lab-
oratory beaches. Thus, the present method estimates the
frictional dissipation to be less than 5% to 6% of the dissipa-
tion due to breaking.

A summary and the main conclusions of this work are as
follows:

A simple analytical method for estimating the bed shear
stress caused by breaking random waves on slopes using
deep water wave statistics is presented. The results are
achieved by adopting the Sumer et al. (2013) bed shear
stress formula for spilling and plunging breaking regular
waves on hydraulically smooth slopes during wave runup as-
suming it to be valid for breaking individual waves within
a sea state of random waves. The statistical properties of

0.085% 12 Horms (E[ulh = 11)° (37)
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the bed shear stress and the wave height in deep water is
then derived by transformation of the Myrhaug and Fouques
(2012) joint distribution of surf similarity parameter and
wave height for individual random waves in deep water. Re-
sults are given in terms of the conditional mean value of the
maxima of mean bed shear stress during wave runup given
the wave height in deep water.

Example of results are provided for spilling and plunging
breaking random waves corresponding to typical field condi-
tions. For this particular example the present method yields
bed shear stress values which are about ten percent larger
than those obtained by using the Sumer et al. (2013) for-
mula for breaking regular waves replacing the wave height
and surf parameter with their corresponding rms values.

Another example compares the present model predic-
tions with one case from Thornton and Guza (1983) by esti-
mating the wave energy dissipation due to bottom friction
beneath breaking random waves representing field condi-
tions. The present method estimates the frictional dissipa-
tion to be a factor 1.9 larger than that given by Thornton
and Guza.

As stated by Sumer et al. (2013) caution must be ob-
served when using the present formula outside its range of
validity, which also is the case for the presented method.
However, comparison with data are required in order to val-
idate the method. Meanwhile this approach should enhance
the possibilities of assessing further the bed shear stress for
spilling and plunging breaking random waves on slopes in
laboratory and field conditions.
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