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Summary

Some constructions for incomplete split-split-pligisigns in which the levels of factors oc-
cur as treatments in BIB designs are given. The ftaenfor the efficiency factors for the main
effects of factors and their interaction effectshe four strata: the inter-block stratum, the vwehol
plots stratum (within the blocks), the subplotstfivi the whole plots), the sub-subplots (within
the sub-plots) are presented.
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1. Introduction

Let us consider a three-factorial experiment oit-sgllit-plot type in which
factor A occurs onvy levels: A1, Asp, ..., AV1’ factor B onv, levels: By,

Bo, ..., BV2 and factor C occurs owg levels: Cy, Co, ..., CV3 . In this pa-
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per, levels are distributed in the same way adrtresats in balanced incomplete
block (BIB) designs and the levels of factor A alistributed on the whole
plots, the levels of factor B are distributed oa gubplots with the whole plots
and the levels of factor C are distributed on thie-subplots with the subplots.
Let a population of experimental units in an enminent be divided intb

blocks and let each block be additionally dividatbi k; whole plots whereas
each whole plot be divided intk, subplots and each subplot be divided into
k3 sub-subplots.

We need to remember that the notions: whole pkddplots and sub-
subplots are given by Gomez and Gomez (1984).

In the next section, we are going to give somedia$brmation about BIB
designs and about block designs with incidenceicestrequal to the Kronecker
product of three incidence matrices of BIB designsthe third section, the
method of the construction of these split-splittpdesigns and the formulae for
the efficiency factors for the main effects andarattion effects are given and a
relevant example is contained in the fourth section

It is worth mentioning that split-plot designs firee-factorial experi-
ments generated also by BIB designs are presentdrdeskwiniewicz and
Krzyszkowska (2006a, 2006b).

2. Preliminaries
We are going to use the notion of BIB designs as in

Definition 2.1. (see e.g. Raghavarao, 1971). A balanced incompletk
design (BIB) is an arrangement @f; treatments i, blocks of sizek; hence

every treatment occurg; times and every pair of distinct treatments is-con
tained in exactlyd blocks. The number¥, by, 1y, K and A are called the
parameters of BIB design accordingly.
ro—A
Let dg= D[k U and letN[ be the incidence matrix of the above BIB de-
'Xo
sign. Then, N,Nr) is also incidence matrix of BIB design with paetars
Ve =V, b =2b, 1y =2r,, kg =kyand A =24, and
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~Im—Am . rD_"D:dm. (2.1)

K ko

dm

Note that: for classical BIB design (i.e. desigrthwi > A >0) we have
0 < dp <1, for design in which/y = by, r;=k;=1, A;=0 (i.e. Ng=1,_)
we have dr =1 and for design in whichvy=Kg, rp=b;=Ar, (i.e.
Ng=Jyp,)orvg =Ky, rp=by=Ar =1, (i.e. Np=1, ) we havedr =0.
Theorem 2.1.Let Np, Ng, N¢ be incidence matrices of BIB designs with
parameterss, by, 11, ki, A; vo, by, 1a, Ko, Ay; andvg, bg, r3, k3, A3,
respectively. Then, block design with incidencenwat

N]_:NADNB DNC (2.2)

has the following parameters:= vqVovg, b =Iybobs, 1 =ryrors,

k = kykoks3 and their association materN'l = NAN'A 0 NBN'B 0 NCN'C
has eigenvalues equal ty = rk; o) = rikyroko(r3 = Ag);

p2 =ika(ro — Ap)raks; 3 = k(o — A2)(r3 — Ag);

pa = (= M)rakoraks; o5 = (= A)raka(rs = Ag);

6 = (=)~ A2)rskg; 7 = (1= A)(r2 = A2)(r3 = A3)  with multi-
plicities: 1,v3 -1, v, -1, (v, -1)(v3-1), w-1, (v -1)vg-1),
(V —1)(V2 —1), (vl —1)(v2 —1)(v3 —1), respectively.

3. Results

In the planning of experiments carried out in sapkt-split-plot designs,
three incidence matricefN;, No and N3 are of great importance. L&, be

the { x b) incidence matrix with respect to blocks, then(itg)-element indi-
cates how many times théh (i = 1,2, ...v) combination of levels of three fac-

tors occurs irj-th block { = 1, ...,b). In this paperN; has the form of (2.2),
and consequentlyy =VvjVov3 and b =bybybs. Let N, be the ¢ x kqb) inci-
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dence matrix for whole plots (inside each blockgn, its {, I)-element indi-
cates how many times th¢h combination of levels of three factors=(1,2, ...v)

occurs inl-th whole plotsi(= 1,2, ...,k; b) and letN3 be the ¢ x k; ko b) inci-

dence matrix for subplots, then iislf)-element indicates how many times the
i-th combination of levels of three factois=(1,2, ...,v) occurs inl;-th subplot
(|1 = 1,2, ""kl kzb)

For the purpose of observation, we assume afteedigj997a, 1997b) the
randomization linear mixed model. The overall as@yof variance for this
experiment is split into so-called stratum analySéwese strata are connected
with the variability among blocks inside the totaperiments, among the whole
plots inside blocks among the subplots inside whilgs and among sub-
subplots inside subplots.

Information matrices in these strata are, respelgtiv

1 r
Ci ==N4N7 —-3J,,
1 kllvv

1 1

Cr =———N>5N5 ——=NsN7, 3.1
2 Kok 2Nz = N (3.1)
1 1
Ca: =—NzN3 ————N>5N5,
3 ks 3N3 Kok 2N
C4 = rlv —iN3N'3
k3

The efficiency factors for the contrasts conneatétth main effects of A,
B, C and interaction effects AB, Ax C, Bx C and Ax B x C int-th stratum
(t=1,2,3,4) are equal to

Eit :T’ (3.2)

respectively, wherey;; is i-th non-zero eigenvalue of; The order of

i =1,...,7 corresponds to: main effect of the facpmain effect of the factor
B, interaction effect of BC, main effect of the factor A, interaction effaxft
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AXxC, interaction effect of AB, interaction effect of ABxC, respectively.

Therefore, Hi2 =i,0i2‘1,0i1=i,0i2 ~ Hi1,
koks k koks
1 _ 1
Hi3 —k—3,0i3 —@Piz and fig =1 —k—30i3-
It can be seen that Nz =I, 01, ONgONg,
NoNj = il ONgNg ONeNg, N3 =lyy, 0% ONg and

N3N3 =rralyy ONcNg. Then, eigenvalues ofNoN; are equal to:

Pro = P52 =NraKa(r3=A3), 0oy = P2 =11(r2 = A2)r3ka, P32 =Pz
= rl(rz —Az)(rg —Ag); Pgo = r2Korgks, eigenvalues oN3N3 are equal to:
P13 =Pas = P53 = P13 ="r2(13=A3);i Pp3 = P43 = Pe3 = r1rar3K3, with

multiplicities as in Theorem 2.1.
From the formulae for;; , we obtain efficiency factorsj; for respective

stratum effects which satisfy the inequalify< &; <1. They are important,

given the fact that they show which contrasts atémable (if 14 # 0) and

with how high efficiency factors in two or threeagt. Then, for the analysis of
variance the stratum, with the highest correspandip can be selected.

Note that the efficiency factors are equal:
in the first stratum:

in the second stratum:

862 = dz(l— dl)v 572 = d2d3(1— dl)- (3.3)

in the third stratum:
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in the fourth stratum:

£14 = €34 = €54 = 74 =103, £24 = €44 = €64 =0,

li

whered; = ”
i K

The above efficiencies are presented in Table 1.

Table 1 Efficiency factors for effects in the strata

| it | 2t Ea Eat | Cmr Eot €1t

€| (B) | BxC) |(A)| (AxC) (AxB) (AxBxC)
1] d3 | dy | dydy | dy | dydg | dyd, | djdpdg
2 0 0 |1-dy| d3(1-dy) |dy (1-dy)|dp d3(1-dy)
3 1-d, | d3(1-dy)| 0 0 1-d, | ds(1-dy)
4l1-d3] o | 1-d3 | o | 1-dj 0 1-ds
dIl1| o1 1 1 1 1 1

4. Discussion

From the above formulae fasjj follows that if d =1, i.e. if Np = vy
(andford; =1, i.e.Ng =1y, andfordz =1, i.e.Nc =ly;), then in the second

stratum (or in the third stratum or in the fourtratum) all contrasts are non-
estimable, which is not a favourable situation.t@a other hand, these designs

have few blocks and plots, and we find it a vemofaable situation. 1id; =0,
le. if Na=Jdyy or Na=1, (andlor d, =0, i.e. Ng =Jyop OF
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Ng =1y, and/ord3 =0, i.e.N¢c = Jyg bz OF N¢ =1y5) then in the second
stratum the main effects of A (or in the third sira the effects of B and B
or in the fourth stratum effects of Cx8, AxC and A&BxC) are estimable with
full efficiencies, i.e.&40 =1. This is a favourable situation but, on the other
hand, these designs have large plots what is abfdlkourable.

In Table 2 are presented numbers of stratum, iclwmain effects of A, B, C

and interaction effects of #B, BxC, AXC and ABxC are estimable. If these
effects are estimable only in one stratum, theitieffcy factor is equal to 1. In

Table 2 are presented only designs in whdgk 0 and/or 1 appear at least once.

Table 2 Numbers of strata, in which main and interacgffects are estimable in designs with
dj = 0 or 1 appear at least once (* denotes the degipro<d; <1)

d,d,d;
000
001
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011
100
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110
111
0o0*
o1+
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11*
0*0
0*1
1*0
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Tables of split-plot designs for< 50, 2<r <10,2<k <10 orv< 30,
2<r <4, 2<k <8 with efficiency factorsgij in only three strata are pre-
sented by Brzeskwiniewicz and Krzyszkowska 2006a 2007, respectively.
Data from the above tables can be used in thisrpapeefficiency factorss;;

are calculated by formulae (3.3) in four strata.
From (2.1), it follows that many designs can hdwe same parameters and

efficiency factors. For example, the design withp =I5 (v =b; =5,

r :kl =1, Al =0), NB :Jz (Vo :bz =rp= k2 =2) andNC:(i é EJ
011

(Vo =by =3,r, = ky =2, A3 =1) has the same parameters and efficiency fac-

tors as split-split plot design witN o =I5 (v; =b; =5, r; =k; =1, A1 =0),
110110

NB —12 (Vo —k2 =2, b2 =TIy —/12 =1) andNC—{% g % % g %J

(V3 =3, b3 =6, r3 =4, k3 =2, A3 =2).

Note, for example, that frof 5o =15 we haved; =1 and therefore (see

Table 2) in second stratum all contrasts i.e. @stgrwith main effects of A, B,
C and interaction effects of ¥8,AxC, BxC, AxBxC are non-estimable. Main
effect of A is also non-estimable in the third dhd fourth stratum but estima-
ble in first stratum only, this situation not beifgvourable. On the other

hand, design witfN 5 =I5 has few block and few plots which is a favourable
situation.

5. Example

A design with parameters= 18,b = 9,r = 4,k = 8 is considered (see de-
sign no. 9 in Brzeskwiniewicz and Krzyszkowska, 2000 construct the inci-
dence matrix of this design, we use mattix and the incidence matrix of the

design BIB with parameter¥ =3, b=3, r,=2, K;=2 and A5=1. Incidence
matrices of these designs have the following foffy =1, (v = kg =2,
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110
Ng =N¢c={1 01

011
r, = k2 =r3= k3 =2, /12 = A3 =1). In this desigrd; = 0,d, = 0.25,d; =
0.25. FromN; =N UNpg O N we can obtain the arrangement of levels A,

B and C in blocks.
The distribution (before randomization) is schewslly illustrated by:

bl:rlz/]l:]_), (V2:b2:V3:b3:3’

Table 3. The arrangement of levels A, B and C in blocksefaample

block | block Il block Il block IV block VI blodk IX

C C C C C C

B; cl B; cl B; 02 B; cl B, cl B, c2

A, 21 Ay A A 2 A SA 3
B, - B, L& B, -2 B, - B, - B, L&

2 C2 2 C3 2 C3 3 C2 3 C3 3 C3

C C C C C C

B; cl B; cl B; 02 B; cl B, cl B, c2

A, 02 A, 03 A, 03 A, 02 A, c3 A, c3
B, —=L B, —=L B, —=2 B =2 B; =2 Bs —=2

G G GCs G G G

where A, A, are levels of A; B B,, B; are levels of B; and{CC,, C; are levels of C.
The efficiency factors for estimation of effects B, C, AxB, AxC, BxC and
AxBxC in four strata are the following (see Table 1).

Table 4. The efficiency factors for effects in strata ésample

t | €t Ex €4t €xt gt E7t
© (B) (BxC) (A) (AxC) | (AxB) | (AxBxC)
1| 025 | 025]| 006 0 0 0 0
2 0 0 0 1 025| 025 0.06
3 0 075 | 0.19 0 0 0.75 0.19
4] 075 0 0.75 0 0.75 0 0.75

It can be seen that for the purpose of analysiseatichation of: C, BC, AxC,
AxBxC effects, the fourth stratum; of Bx& — the third stratum, and of A —
the second stratum are adequate respectively.

It should be emphasized that this design is ussphitsplot design of type
(i) and {i) by Brzeskwiniewicz, Krzyszkowska (2007). In tyfi¢ efficiency
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factors fort = 1 andt = 2 are the same as above andtfer3 are equal to sum
for t = 3 andt = 4 in split-split plot design. In type (ii) effency factors for
t = 1 are equal, for= 2 are the same as for 3 in split-split-plot design, and
fort = 3 are equal to sum for 2 and = 3 in split-split-plot design.
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TROJCZYNNIKOWE DO SWIADCZENIA ZAKEADANE
W PEWNYCH UKLADACH SPLIT-SPLIT PLOT

Streszczenie

Praca dotyczy konstrukcji niekompletnych uktadovitsgplit-plot dla déwiadczeé troj-
czynnikowych za pomagciloczynu Kroneckera trzech macierzy incydencjiaddw zrownowzo-
nych o blokach niekompletnych BIB. Podanewszory na wspotczynniki efektywroi dla efek-
tow gtéwnych i interakcyjnych w czterech warstwagticdzyblokowej, m¢dzy poletkami | rzdu
(wewmatrz blokéw), midzy poletkami Il rzdu (wewnatrz poletek | rgdu) oraz midzy poletkami
Il rzedu (wewmtrz poletek Il radu).

Stowa kluczowe zréwnowaone uktady o blokach niekompletnych, wspoétczyneilldktywndci,
iloczyn Kroneckera macierzy, gtowne i interakcyjefekty czynnikow, uktady split-split-plot,
doswiadczenia trojczynnikowe
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