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THE EULER'S MODIFIED THEORY OF STABILITY WITH 
STRESSES AND STRAINS ANAL YSIS ON EXAMPLE OF VERY 
SLENDER CYLINDRICAL SHELLS MADE OF STEEL 

Krzysztof Murawski 

Abstract. The study presents the description of the loss of stability in elastic statcs of 
axially compressed cylindrical shell. The author analysed the diffe rentia! cquation of the 
deflection curve and its slope, the critical stress, the shell stresses and strain s of vcry slen
der tubes in elastic states under conditions of fiat cross-sections and littl e slopcs of the de
flection curve. The obtained theoretical results of critical stresses werc related to slender
ness ratio and to cross-section area of the cylindrical shells. The obtaincd theorctical re
sults of stresses and strains were presented on graphs for an example of the tube made of 
steel. 
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STABILITY ANALYSIS 

The basie theory of slender rod losing stability in elastic states was formulated by 
Euler [I 744, I 759]. He introduced the concept of critical load and gave , according to his 
theory, the formulas for the differentia) equation of the deflection curve and for critical 
stress of axially compressed rod: 

? ( J? d-y Euler Tr -
EJ -?- = Per Y • (Jer = - E 

dx- Il 

where: Per - the critical force, 
E-Young's modulus ofelasticity of rod, 
J - moment of inertia of cross-section area, 
CJcr - critical stress , 
A. - slenderness ratio. 
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Th is theory was developed during next years by Grashof [ 1878] , Considere [ l 889j, 
Sal mon [ 1921], Ble ich [ 1952], Timoshenko and Gere [ 1963], Bfezina[ 1966], Wolmir 
[1967], Życzkowski [1981], Grigoliuk and Kabanow [1987], Weiss and Giżejowski 
[ l 991], Reese and Wriggers [ 1995] and many others. 

The author assumed in his own analysis of rods stability [Murawski 1992, 1998, 
2002], that the state of stresses in the critical trans verse section, after losing stability and 
bcfore los ing carrying capacity, is as the result of a superposition of pure compression 
and bending (Fig. I and 2) and the start of losing of a carrying capacity (the maximum 
force on a force-shortness graph) in elastic states follows after the exit of the resultant 
neutral layer from the critical transverse section. In this paper has assumed as a simpli
li cation for vcry slcnder columns, that the start of loss of a carrying capacity follows 
a ftcr the exit forccs line from the critical transverse section. 
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Fig. I . The stale or normal stresses of tube axially compressed with forces by balls , in the critical 
trans verse sccl ion causcd by external and interna] load , after losing of stability and before losing 
carrying capacity. according 10 author's hypothesis 
Rys. I . Stan napr~żct1 normalnych rury osiowo ściskanej silami przez kule w krytycznym prze
kroju poprzecznym powodowany przez zewnę trzne i wewnętrzne obciążenie, po utracie statecz
nośc i i przed utratą nośności. zgodnie z hipotezą autora 
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Fig. 2. The state of normal stresses or axially compressed tube with one end fixed , in the criti cal 
transverse section , caused by extern al and internal load, after losing of stabi lity and before losing 
carrying capacity, according to author's hypothcsis 
Rys. 2. Stan nap ręże1i normalnych osiowo śc i skanej rury utwierdzonej w jednym końcu w kry
tycznym przekroju poprzecznym, powodowany przez zewnętrzne i wewnętrzne obciążenie , po 
utracie stateczności i przed utratą nośności, zgodnie z hipotezą autora 

The extension of any fibre at the distance y from central layer and the stress in this 
fibre is: 

±(p+;}8-p·8 )' 
E= =+-

p·8 - p, 
)' p 

<Y11 =<Jii -<Je =±-·E--
p A 

where: p - the rad ius of the curved central line, 
8 - angle of the central line slope in relation to the forces line (Fig. I), 
E - Young 's moduł us of elasticity of a shell, 
P - axial force, 
A - area of the critical cross-section. 

Due to the equilibrium of forces: 

E f (± y). dA = p f (~ 
PA A 

E A/2 ( ) - · 2 · S x = P · In A 
p 

h SA/2 . h . B w ere x 1s t e static moment. ecause: 
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(4) 

then the differentia! equati on of the deflection curve and of its slope and equation of the 
de fl ecti on curve for rods ax ially compressed with forces by balls (the boundary condi
tions: dyldx = O, when x = Ul and y = O, when x = O) are: 

A/2 ? A/ 2 ( J 
2 ·~~(A ) . E. :~;, = p , 2 · ~~(A) . E .: = p. x - ~) 

2 -5 : 12 · E P 
· · y = - · x · (x - L) 

ln(A) 2 

where: R - the medi an tube radius, 
t - wali thickness, 
L - tube leng th . 

(5) 

A nd fo r rods ax ia ll y compressed with force with one end fi xed (the boundary condi
tions: d)/dx = O, when x = L and y = O, when x = 0) are : 

2-s: 12 .E_d 2
y _P 2- s.:12 -E dy (· ) ----- ·-=?· x -L 

ln(A) dx2 - ' ln(A) dx 

2-5:
12

-E (x J 
ln(A) . y =P· x · 2 -L j (6) 

From the assumpti on, that the los ing of carrying capacity fo llows when the force 
line cx it outside the c ritical transvcrse section (Yx=U2 = y..,. = R), the critical stress fo r 
rods ax iall y compressed with fo rces by balls is equal to: 

A/2 
E 16·5 1 ·E 

(J er = ; · Y er 
A- L- · ln (A ) 

(7) 

and for rocls ax iall y compressecl wi th fo rce with one end fi xed : 

A / 2 
E 4 · Sx · E 

(J er = · Ycr 
A- L2 · ln(A) 

(8) 

T he main conclusion of the functi on (7) showed on F igure 3 or the function (8) 
sho wecl on F igurc 4 is, that to determine a,./ for all cases of cy lindrical shapes is not 
cnough rc late them o nl y to the slenderness rat io A., but we must re late them to A too, 
bccause fo r the same slc nderness rati o A. (li ke in the Euler's fo rmul a) we may get d iffe r
cnt va lucs o f a,./ (clepe nd ing on A). The analys is o f the theoretical results shows, that 
the simp lifi cati ons of thi s th cory (taking into considerati on onl y norma! stresses, the 
ass um1 tio n o f fl at c ross-secti ons and little slope) cause the limits o f use it in an engi
neering prac ti cc. O ne o f the limits fo r cylindrical shcil is A > I .OO m2

, because in that 
case the fu nc ti ons (7) and (8) are asymptotic go ing to fl a t piane A = I .OO m2

. Because 
~:dl phcnomcnon proceecl in e lastic states then a slenderness rati o Ą > A.11,i. 
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Fig. 3. The surface function C5nE (A., A) of the cylindrical shells made or steel compressed wi1h 
forces by balls 
Rys. 3. Funkcja powierzchniowa CY,/ (A, A) dla powlok cylindrycznych wykonanych ze stal i 
ściskanych silami przez kule 
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Fig. 4. The surface function CY,/ (A, A) of the cylindrical shell s made of steel with one end flx ed 
Rys. 4. Funkcja powierzchniowa CY,/ (A, A) dla powłok cylindrycznych wykonanyc h ze stali 
z utwierdzonym jednym ko1icem 
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Nevertheless below (Fig. 5-1 O) is presented the stabi lity analysis (the deflection 
curvc y(x), its slope dy/dx, the dependence Yw(P)) of the tube wi th R = 0.95 111 , t = 0.3 
111, L= 150 111 , A = 1.791 111

2 as the theoretical example. Assumed the Young 's modulus 
E = 21 O OOO MPa. 
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Fig. 5. The function y(x) of the tube made of steel with R = 0.95 m, t = 0.3 m, L = 150 m com
pressed with forces by balls 
Rys. 5. Funkcja y(x) dla rury ze stali o R = 0,95 m, t = 0,3 m, L = 150 111 ściskanej silami przez 
kule 
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Fig. 6. The function dr/d.r of the tube made of steel with R = 0.95 111, t = 0.3 111 , L = 150 m com
presscd with forces by balls 
Rys. 6. Funkcja dy/dr dla rury ze stali o R = 0.95 m, t = 0,3 m, L = 150 m ściskanej si lami przez 
kule 
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Fig. 7. The func tion YU1(P) of the tube made of steel with R = 0.95 m, t = 0.3 m, L = 150 m com
pressed with forces by balls 
Rys . 7. Funkcja YU1(P) dla rury ze stali o R = 0,95 m, t = 0,3 m, L = 150 111 ści skanej silami przez 
kule 
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Fig. 8. The function y(x) of the compressed tube made of steel with R = 0.95 m, t = 0.3 m, 
L = 150 m with one end fixed 
Rys. 8. Funkcja y(x) dla ściskanej rury ze stali o R = 0,95 m, t = 0,3 m, L = 150 m utwierdzonej 
w jednym końcu 
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Fig. 9. The function drldx of the compressed tube made of steel with R = 0.95 m, t = 0.3 111, 

L = 150 111 with one end fixed 
Rys. 9 . Funkcja dr/dr dla ściskanej rury ze stali o R = 0,95 111 , t = 0,3 111, L = 150 111 utwierdzonej 
w jednym końcu 
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Fi g. I O. The function YU?(P) of the compressed tu be made of steel with R = 0.95 111, t = 0.3 111 , 

L = 150 m with one end fixed 
Rys. I O. Funkcja r U?(P) dl a ści s kanej rury ze stali o R = 0,95 m, t = 0,3 111 , L = 150 m utwierdzo
nej w j.:clnym koilcu 

The cylindrical shell axially compressed by balłs 

For the cylinclrical shell axially compressecl by balls the functions for the deflection 
curvc r (.r), its slopc dy/dr and the dependence JU2(P), according to (5) and (7), are: 
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4 · E · R
2

· t · v=!_x · (x-L), 4·E·R
2

· t dy ( L) 
ln(2 · n · R · t) ' 2 ln(2 · n · R·t) . dx =P · x- 2 

ln(2 ·n · R · t) L2 

Yu2= ·-·P 
E·R 2 · t 32 

(9) 

E _ 32 · E 
<Jer - „ 

;.- ·7r · ln(2·n · R · t) 
(IO) 

In case of the example: A.= 220.6 and ą/'"''"'(Ą) = 42.603 MPa but <J,/(A., A) = 
= 73.633 MPa. 

We see on graphs in Figure 3 and 4, that <J,/"1"(Ą) :::: ą/(A., A) for A [m2
] = 

= 2,8068114. Hence for A [m2
] < 2,8068114 is <J,/"''''(Ą) < O"c/(A., A) and for A [m2

] > 
2,8068114 is ą/"1l'l(A.) > ą/(A., A). 

The cylindrical shell compressed axially with one end fixed 

For the cylindrical shell compressed axially with one end fixed, the fun ctions for the 
deflection curve y(x), its slope dy/dx and the dependence )'U2(P), according to (6) and 
(8), are : 

4 · E · R · t dy ( ) 4 · E · R - · t x 2 ') ( ) 
ln(2 ·n · R · t).dx =P · x-L ' ln(2 · n · R · t) · y=P ·x· 2-L 

Yu2 = 
ln(2·n · R · t) L2 
-'-----~- - . p 

E · R 2 · t 8 
( 11) 

E 8·E 
<Jer = ? 

Ą- ·n · In (2 ·n · R · t) 
( 12) 

In case of the example: ą/"1"(Ą) = I 0.65 I MPa but <Je/(?., A)= 18.408 MPa. 

STRESSES AND STRAINS ANAL YSIS 

Assumed, that the state of strains, is as a result of a superposition of bending and 
pure compression and the losing of a carrying capacity in elas tic states fo llows when the 
resultant neutral layer exit outside the critical transverse secti on (Fig. I and 2): 

c11 • E = <J11 = <J g +<Je = ± ~ · E - : = E · ( ± ~ - ~) = E ·(±cg - Ee ) => 

=> c11 =±cg -Ee 
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where: O'~ - the bending stress, 
O'c - compression stress, 
O'y - orthogonal stress, 
E~ - bending strain, 
Ee - compression strain, 
f.:.· - orthogonal strain. 

Due to the equilibrium of moments : 

where: M„ - the bending moment, 

E f dy and M h = p · J x - P · y ·A 
A 

lx - moment of inertia of cross-section area. 

Hence the stress er,, equals: 

Mb p 
<J„ =O'g -crc =i; · y-A 

( 14) 

(15) 

The formul as for ą, <J~, E~ and E„ caused by external load or <J„ and Ey caused with v 

(Poisson's ratio) by internal load , are like follows: 

(16) 

( ) 
IJ 11 (x , )' ) ( ) E g ( ) ( ) 

<„ x,y = E , <, x,y = ~l+(d,J' =<g x,y, ' r x,y =-<„·V ( 17) 

The analysis of the theoretical results shows, that the simplifications of this theory 
(the assumption of flat cross-sections planes and little slope) cause the limits of use it in an 
engineering practice. Nevertheless below (Fig. 11-18) is presented the stresses and strains 
analysis in the cylindrical shell (depending on x and y, where x = 0-:,L and 
y = - IR, -O.SR, -O. IR, O.O, O. IR, 0.5 R, IR) as the theoretical example (assumed: v = 0.3). 

The cylindrical shell axiałly compressed by bałls 

For the cylindrical shell axially compressed by balls depending on x and y: 

( ) 
y x · (x-L)·ln(2·n·R·t)-P 2 P 

<J„ X,)' = -----------
8 ·n · E · R5 · t 2 2 ·n · R · t 

(18) 
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The cylindrical shell compressed axially with one end fixed 

For the cylindrical shell compressed axially with one end fixed depending on x and y: 

_ ' _ y·x-[~-L} ln(2·n·R · t)·P 2 
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Fig. 11. Stresses o;,(x, y) of the tube made of steel with R = 0.95 111, r = 0.3 111 , L = 150 m com
pressed with forces by balls 
Rys. 11. Naprężenia o;,(x, y) dla rury ze stali o R = 0,95 111, r = 0,3 111 , L = 150 m ściskanej silami 
przez kule 
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Fig. 12. Stresses a"(x, y) of the tube made of steel with R = 0.95 m, r = 0.3 m, L = 150 m com
pressed with forces by balls 
Rys. 12. Naprężenia a,(x, y) dla rury ze stali o R = 0,95 m, r = 0,3 m, L = 150 m śc i skanej silami 
przez kule 
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Fi g. 13. Strains E„(x, v) of the tube made of steel with R = 0.95 m, t = 0.3 m, L = 150 m compress
ed with forces by ball s 
Rys. 13. Odkszt a łcen i a wzg l ędne E„(.r, y) dl a rury ze stali o R = 0,95 m, t = 0,3 m, L = 150 m 
ści skanej s ilami przez kule 
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Fig. 14. Strain s E,.(.r. r ) of the lube made of' steel with R = 0.95 m, 1 = 0.3 m, L = 150 m compress
ed with l'o rccs by ball s 
Rys. 1-1 . Odkszt a ł ce ni a wzg l ~dne E ,.(x, v) dla rury ze stali o R = 0 ,95 m, 1 = 0 ,3 m, L = 150 m 
śc i s ka n ej s il ami przez kul e 

Ac1a Sci. Pol. 



The Euler's modified theory of stability 111ith stresses ... 89 

20 

IO 

o 

' ' e e-e-8~ 
; . a-e-e- - ~ 
' n.- ' _e-~ . ~ 

g-B i ' ~ 
.,,,., i ' . 

-10 

c: 
-20 T e.. 

~ J B -30 
'< 

~ -40 

-50 

-60 

o 15 30 45 60 75 90 105 IW 135 150 

X (mj 

Fig. I 5. Strcsscs o;,(x, y) of the comprcssed lube made of steel with R = 0.95 111, t = 0.3 m, L = 150 111 
with one end fixed 
Rys. 15 . Naprężenia o;,(x, y) dla śc i skanej rury ze stali o R = 0,95 m, I= 0,3 m, L = 150 111 u1wicr
dzonej w jednym końcu 

17.5F-

15.0 ..... .„„ . . .. 

12,5 j 
10,0 

7,5 

'El. 
'B_B . 

'~-g.-B-g_~_ I 
<1{+0.) R I 

-2.5 -

-5 ,0 B-G--EJTe-G--r 
' - - --- ----- -------------- - <J(+l.OR ) I -7,5 -

o 15 30 45 60 75 90 105 120 135 150 
X (mj 

Fig. 16. Stresses cr„(x, y) of the compressed tube made of steel with R = 0.95 m, t = 0.3 m, L = 150 111 
with one end fixed 
Rys. I 6. Naprężenia crJx. y) dla śc i skanej rury ze stali o R = 0,95 m, t = 0,3 m, L = 150 111 utwi er
dzonej w jednym ko1icu 
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Fig. 17. Strains E„(x, v) of the compressed tube made of steel with R = 0.95 m, 1 = 0.3 m, L = 150 m 
wilh one end fixcd 
Rys. 17. Odkształcenia względne E„(x, y) dla ściskanej rury ze stali o R = 0,95 m, 1 = 0,3 m, 
L = 150 m utwierdzonej w jednym końcu 
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Fi g. 18. Strains t:,(x, v) or the compressed tube made of steel with R = 0.95 m, I= 0.3 m. L = 150 m 
wilh one end fixcd 
Rys. 18. Odkształcenia wzglc;dne E ,.(x, y) dla ściskanej rury ze stali o R = 0,95 m, 1 = 0,3 m, 
L = 150 111 utwicrdzon<:J w jednym koilcu 
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CONCLUSIONS 

On the basis of the Euler's formula we can determine a critical stress but we can not 
determine shell stresses or strains during losing stability of axially compressed rod . Th is 
is possible using elastic stability theory of Timoshenko or Fin i te Element Theory (FEM) 
based on Euler's theory. 

Presented in the paper theory gives possibility to determine in elastic states a critical 
stress, equations of the deflection curve and its slope, shell strains and stresses of axially 
compresscd rod. Due to different concept results are clifferent in relation to results of 
Euler's theory. 
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ZMODYFIKOWANA TEORIA STATECZNOŚCI EULERA Z ANALIZĄ 
NAPRĘŻEŃ I ODKSZTAŁCEŃ NA PRZYKŁADZIE BARDZO SMUKŁYCH 
CYLINDRYCZNYCH POWŁOK WYKONANYCH ZE ST ALI 

Streszczenie. W pracy przedstawiono teorię stateczności osiowo ściskanej cylindrycznej 
powłoki. Autor przeanalizował równanie różniczkowe osi ugięcia i jej nachylenia, kry
tycznych n apręże il. napręże 11 i odksztalceil w powłoce bardzo smukłych rur w stanach 
s prężystych przy założeniu hipotezy płaskich przekrojów i małych ugięć osi ugięcia. 

Otrzymane teoretyczne wyniki krytycznych naprężeil odniesiono do smukłości kształtki 
oraz do pola przekroju poprzecznego cylindrycznej powłoki , a teoretyczne wyniki warto
śc i n apn;:że 11 i odksztalceil dla przykładowej rury ze stali przedstawiono na wykresach . 

Słowa kluczowe: stateczność, Euler, naprężenie krytyczne, bardzo smukła, cylindryczna 
powłoka 
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