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THE EULER’S MODIFIED THEORY OF STABILITY WITH
STRESSES AND STRAINS ANALYSIS ON EXAMPLE OF VERY
SLENDER CYLINDRICAL SHELLS MADE OF STEEL

Krzysztof Murawski

Abstract. The study presents the description of the loss of stability in elastic states of
axially compressed cylindrical shell. The author analysed the differential equation of the
deflection curve and its slope, the critical stress, the shell stresses and strains of very slen-
der tubes in elastic states under conditions of flat cross-sections and little slopes of the de-
flection curve. The obtained theoretical results of critical stresses were related to slender-
ness ratio and to cross-section area of the cylindrical shells. The obtained theoretical re-
sults of stresses and strains were presented on graphs for an example of the tube made of
steel.
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STABILITY ANALYSIS

The basic theory of slender rod losing stability in elastic states was formulated by
Euler [1744, 1759]. He introduced the concept of critical load and gave, according to his
theory, the formulas for the differential equation of the deflection curve and for critical
stress of axially compressed rod:
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where: P, — the critical force,
E —Young’s modulus of elasticity of rod,
J — moment of inertia of cross-section area,
O, — critical stress,
A — slenderness ratio.
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This theory was developed during next years by Grashof [1878], Considere [1889],
Salmon [1921], Bleich [1952], Timoshenko and Gere [1963], Biezina[1966], Wolmir
[1967], Zyczkowski [1981], Grigoliuk and Kabanow [1987], Weiss and Gizejowski
[1991], Reese and Wriggers [1995] and many others.

The author assumed in his own analysis of rods stability [Murawski 1992, 1998,
2002], that the state of stresses in the critical transverse section, after losing stability and
before losing carrying capacity, is as the result of a superposition of pure compression
and bending (Fig. 1 and 2) and the start of losing of a carrying capacity (the maximum
force on a force-shortness graph) in elastic states follows after the exit of the resultant
neutral layer from the critical transverse section. In this paper has assumed as a simpli-
fication for very slender columns, that the start of loss of a carrying capacity follows
after the exit forces line from the critical transverse section.
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Fig. 1. The state of normal stresses of tube axially compressed with forces by balls, in the critical
transverse section caused by external and internal load, after losing of stability and before losing
carrying capacity, according to author’s hypothesis

Rys. 1. Stan napr¢zen normalnych rury osiowo $ciskanej sitami przez kule w krytycznym prze-
kroju poprzecznym powodowany przez zewngtrzne i wewngtrzne obciazenie, po utracie statecz-
nosci i przed utrata nosnosci. zgodnie z hipoteza autora

Acta Sci. Pol.



The Euler’s modified theory of stability with stresses... 79

The radius of curved
central line - p
Promien krzywizny osi
geometrycznej - p

The central line
Os geometryczna

The force line
Linia sil

[t

Py

The critical cross
section
Przekrdj l\n tyCZny. -

Gn ’ 8n Q

Fig. 2. The state of normal stresses of axially compressed tube with one end fixed, in the critical
transverse section, caused by external and internal load, after losing of stability and before losing
carrying capacity, according to author’s hypothesis

Rys. 2. Stan naprezen normalnych osiowo $ciskanej rury utwierdzonej w jednym koncu w kry-
tycznym przekroju poprzecznym, powodowany przez zewnetrzne i wewngtrzne obcigzenie, po
utracie statecznosci i przed utrata nosnosci. zgodnie z hipoteza autora

The extension of any fibre at the distance y from central layer and the stress in this
fibre is:

t{p+y)0—-p-06 )
o (p+y)6-p Lol Oy =0y =0, = Lo )
p-6 p p A
where: p — the radius of the curved central line,
0 — angle of the central line slope in relation to the forces line (Fig. 1),
E — Young’s modulus of elasticity of a shell,
P — axial force,
A — area of the critical cross-section.
Due to the equilibrium of forces:
P=c, +o.) dA:(ilE-ﬁ].dA, —j +y)-dA= Pj‘“
p A
(3)
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where S.(.“ 2 is the static moment. Because:
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then the differential equation of the deflection curve and of its slope and equation of the
deflection curve for rods axially compressed with forces by balls (the boundary condi-
tions: dy/dx = 0, when x = L2 and y = 0, when x = 0) are:
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where: R — the median tube radius,
t — wall thickness,
L — tube length.

And for rods axially compressed with force with one end fixed (the boundary condi-
tions: dy/dx = 0, when x = L and y = 0, when x = 0) are:
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From the assumption, that the losing of carrying capacity follows when the force
line exit outside the critical transverse section (y,-.» = Y., = R), the critical stress for
rods axially compressed with forces by balls is equal to:
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and for rods axially compressed with force with one end fixed:
Al2
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The main conclusion of the function (7) showed on Figure 3 or the function (8)
showed on Figure 4 is, that to determine o,,% for all cases of cylindrical shapes is not
enough relate them only to the slenderness ratio A, but we must relate them to A too,
because for the same slenderness ratio A4 (like in the Euler's formula) we may get differ-
ent values of ¢,,° (depending on A). The analysis of the theoretical results shows, that
the simplifications of this theory (taking into consideration only normal stresses, the
assumption of flat cross-sections and little slope) cause the limits of use it in an engi-
neering practice. One of the limits for cylindrical shell is A > 1.00 m’, because in that
case the functions (7) and (8) are asymptotic going to flat plane A = 1.00 m*. Because
all phenomenon proceed in elastic states then a slenderness ratio A > Ay,
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Fig. 3. The surface function o,% (A, A) of the cylindrical shells made of steel compressed with
forces by balls

Rys. 3. Funkcja powierzchniowa ot (A, A) dla powlok cylindrycznych wykonanych ze stali
Sciskanych sitami przez kule
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Fig. 4. The surface function o..F (A, A) of the cylindrical shells made of steel with one end fixed
Rys. 4. Funkcja powierzchniowa 0.f (A, A) dla powlok cylindrycznych wykonanych ze stali
z utwierdzonym jednym korncem
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Nevertheless below (Fig. 5-10) is presented the stability analysis (the deflection
curve y(x), its slope dy/dx, the dependence y;»(P)) of the tube with R = 0.95 m, t = 0.3
m, L= 150 m, A =1.791 m?” as the theoretical example. Assumed the Young’s modulus
E =210 000 MPa.
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Fig. 5. The function y(x) of the tube made of steel with R =095 m, =03 m, L = 150 m com-
pressed with forces by balls
Rys. 5. Funkcja y(x) dla rury ze stali o R = 0,95 m, ¢t = 0,3 m, L = 150 m $ciskanej silami przez
kule
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Fig. 6. The function d\/dx of the tube made of steel with R = 0.95 m, 1 =0.3 m, L = 150 m com-
pressed with forces by balls

Rys. 6. Funkcja dy/dx dla rury ze stali o R =095 m, t = 0,3 m, L = 150 m $ciskanej silami przez
kule
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Fig. 7. The function y»(P) of the tube made of steel with R =095 m, t=0.3 m, L =150 m com-
pressed with forces by balls
Rys. 7. Funkcja y; »(P) dla rury ze stali o R = 0,95 m, t = 0,3 m, L = 150 m Sciskanej silami przez
kule
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Fig. 8. The function y(x) of the compressed tube made of steel with R = 0.95 m, 1 = 0.3 m,
L = 150 m with one end fixed

Rys. 8. Funkcja y(x) dla $ciskanej rury ze stalio R = 0,95 m, t = 0,3 m, L = 150 m utwierdzonej
w jednym korcu
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Fig. 9. The function dy/dx of the compressed tube made of steel with R =095 m, r = 0.3 m,
L =150 m with one end fixed

Rys. 9. Funkcja dy/dx dla $ciskanej rury ze stalio R =0,95 m, 1 = 0,3 m, L = 150 m utwierdzonej
w jednym koncu
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Fig. 10. The function y,,(P) of the compressed tube made of steel with R = 0.95 m, ¢t = 0.3 m,
L =150 m with one end fixed

Rys. 10. Funkcja v, »(P) dla $ciskanej rury ze stali o R = 0,95 m, r = 0,3 m, L = 150 m utwierdzo-
nej w jednym koncu

The cylindrical shell axially compressed by balls

For the cylindrical shell axially compressed by balls the functions for the deflection
curve y(x), its slope dy/dx and the dependence y;»(P), according to (5) and (7), are:
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In case of the example: A= 220.6 and 0,,”""(1) = 42.603 MPa but o,%(A, A) =
=73.633 MPa.

We see on graphs in Figure 3 and 4, that .2 = g,k A) for A [m?] =
=2,8068114. Hence for A [m*] < 2,8068114 is 0,,%"(A) < 6,,5(A, A) and for A [m’] >
2,8068114 is 0,,2"(1) > 6,,5(A, A).

The cylindrical shell compressed axially with one end fixed
For the cylindrical shell compressed axially with one end fixed, the functions for the
deflection curve y(x), its slope dy/dx and the dependence y;,(P), according to (6) and

(8), are:
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O-Cr

a2 m-n(2-7-R-t)
In case of the example: ¢,,“""(A) = 10.651 MPa but 6,,%(A, A) = 18.408 MPa.

STRESSES AND STRAINS ANALYSIS

Assumed, that the state of strains, is as a result of a superposition of bending and
pure compression and the losing of a carrying capacity in elastic states follows when the
resultant neutral layer exit outside the critical transverse section (Fig. 1 and 2):

En-E=0,=0, +0C=il-E—£=E- il—ﬁ =E-(i£g —gc)=>
p A p L

=> g, =te, - &, (13)
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where: o, — the bending stress,
O, — compression stress,
o, — orthogonal stress,
&, — bending strain,
€. — compression strain,
&, — orthogonal strain.

Due to the equilibrium of moments:
M,,:_[dP.y:_[ sl e M,,:E.jx-P.J'y.——' (14)
p A P y

where: M), — the bending moment,
J.— moment of inertia of cross-section area.

Hence the stress o, equals:

gmoe=ttoy L (15)

The formulas for o, o,, €, and &. caused by external load or o and &, caused with v
(Poisson’s ratio) by internal load, are like follows:

Oy

Uc(-\'».")= 5 :Gy(—"s)‘)’ O'_\'("'s.")z—o'n"’ (16)
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38| =

dx
The analysis of the theoretical results shows, that the simplifications of this theory
(the assumption of flat cross-sections planes and little slope) cause the limits of use it in an
engineering practice. Nevertheless below (Fig. 11-18) is presented the stresses and strains

analysis in the cylindrical shell (depending on x and y, where x = 0<L and
y=-IR,-0.5R, -0.1R, 0.0, 0.1R, 0.5 R, 1R) as the theoretical example (assumed: v = 0.3).

=g,(ry), £,(xy)==¢,-v (7

The cylindrical shell axially compressed by balls

For the cylindrical shell axially compressed by balls depending on x and y:

v (x=L) @ - R1) P> P
8.7-E-R>£* 2-m-R-t

o, (xy)= (18)
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The cylindrical shell compressed axially with one end fixed

For the cylindrical shell compressed axially with one end fixed depending on x and y:

y-x-[£~L}ln(2-7r-R-r)-P2
2 &

Oy (.\‘, )’) 5 ae (19)
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Fig. 11. Stresses 0,(x, ¥) of the tube made of steel with R =095 m, r=0.3 m, L = 150 m com-
pressed with forces by balls
Rys. 11. Naprgzenia o,(x, y) dla rury ze stali o R = 0,95 m, t = 0,3 m, L = 150 m $ciskanej sitami
przez kule
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Fig. 12. Stresses oy(x, y) of the tube made of steel with R =0.95 m, = 0.3 m, L = 150 m com-
pressed with forces by balls
Rys. 12. Naprgzenia o,(x, y) dla rury ze stali o R = 0,95 m, t = 0,3 m, L = 150 m $ciskanej silami
przez kule
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Fig. 13. Strains g,(x, y) of the tube made of steel with R =0.95 m, r =0.3 m, L = 150 m compress-
ed with forces by balls

Rys. 13. Odksztalcenia wzgledne g,(x, v) dla rury ze stalio R =095 m, t =0,3 m, L = 150 m
Sciskanej sitami przez kule
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Fig. 14. Strains €,(x, y) of the tube made of steel with R =0.95 m, 1 =0.3 m, L = 150 m compress-
ed with forces by balls

Rys. 14. Odksztalcenia wzgledne € ,(x, v) dla rury ze stali o R =095 m, 1 =03 m, L = 150 m
Sciskanej silami przez kule
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Fig. 15. Stresses o,(x, ) of the compressed tube made of steel with R=0.95m, =03 m, L= 150 m

with one end fixed

Rys. 15. Naprgzenia g,,(x, y) dla $ciskanej rury ze stalio R = 0,95 m, t = 0,3 m, L = 150 m utwier-

dzonej w jednym koncu

17,5

15,0, -1+

O(-1.0R)

10,0
F O(-01R)
= 75 IIIII
N - & —O—0- Twor) P
2 .0 i
g 7 Tels —&~&[n—-n—-&
S N ~~%-o
< i
~ -
0.0 : g ; ' i Ll SO O
\S\S IO'HUSR)
26 - “Big
TS
B
5.0 - "B‘EFB—B-%—EJ
_7,5 O(+1.0R)
0 15 30 45 60 75 90 105 120 135 150
x [m]

Fig. 16. Stresses 0(x, ¥) of the compressed tube made of steel with R =0.95 m, =03 m, L =150 m

with one end fixed

Rys. 16. Naprezenia o(x, y) dla sciskanej rury ze stali o R =0,95 m, 1 =0,3 m, L = 150 m utwier-

dzonej w jednym koncu
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Fig. 17. Strains g,(x, y) of the compressed tube made of steel with R=0.95m, =03 m, L = 150 m
with one end fixed

Rys. 17. Odksztalcenia wzgledne g,(x, y) dla $ciskanej rury ze stali o R =095 m, r = 0,3 m,
L =150 m utwierdzonej w jednym koncu
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Fig. 18. Strains €,(x, ¥) of the compressed tube made of steel with R=0.95m,t=03m,L=150m
with one end fixed

Rys. 18. Odksztalcenia wzgledne € (x, y) dla $ciskanej rury ze stali o R = 0,95 m, r = 0,3 m,
L= 150 m utwierdzonej w jednym koricu
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CONCLUSIONS

On the basis of the Euler’s formula we can determine a critical stress but we cannot
determine shell stresses or strains during losing stability of axially compressed rod. This
is possible using elastic stability theory of Timoshenko or Finite Element Theory (FEM)
based on Euler’s theory.

Presented in the paper theory gives possibility to determine in elastic states a critical
stress, equations of the deflection curve and its slope, shell strains and stresses of axially
compressed rod. Due to different concept results are different in relation to results of
Euler’s theory.
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ZMODYFIKOWANA TEORIA STATECZNOSCI EULERA Z ANALIZA
NAPREZEN I ODKSZTALCEN NA PRZYKLADZIE BARDZO SMUKLYCH
CYLINDRYCZNYCH POWLOK WYKONANYCH ZE STALI

Streszczenie. W pracy przedstawiono teorig statecznosci osiowo $ciskanej cylindrycznej
powloki. Autor przeanalizowal réwnanie rézniczkowe osi ugigcia i jej nachylenia, kry-
tycznych naprezen. naprezen i odksztalcen w powloce bardzo smuklych rur w stanach
sprezystych przy zalozeniu hipotezy plaskich przekrojow i matych ugigé osi ugigcia.
Otrzymane teoretyczne wyniki krytycznych naprgzen odniesiono do smuktosci ksztaltki
oraz do pola przekroju poprzecznego cylindrycznej powloki. a teoretyczne wyniki warto-
Sci naprezen i odksztalcen dla przykladowej rury ze stali przedstawiono na wykresach.

Slowa kluczowe: stateczno$¢, Euler, naprgzenie krytyczne, bardzo smukla. cylindryczna
powloka
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