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Summary

In this paper, we discuss the problem of estimatibimdividual weights of three objects in
the chemical balance weighing design using thesrdoit of D-optimality. We assume that the

sequence&; of error terms is a first-order autoregressivecpss, callec AR(l) process. We

present the D-optimal chemical balance weighing desiX in the class of designs with the
design matrixX OM (1) such that each column of the maiX :contains at least or1:and

one —1.
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1. Introduction

The formulation to a weighing design problem cédissome objects with
unknown weights and a weight measuring device ®smas a balance. In a
chemical balance, there are two pans (left and)tigtny object can be placed
on the left or right pan. Then the pointer provideseading which represents
the total weight of the objects on the pans. Chahbalance weighing designs
are also the name for experiments which resultsheadescribed as the linear
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combination of unknown measurements of objects faithors of this combina-
tion equal tcl or —1.
Assume thain=0(mod4). There are3 objects of the true unknown

weights W, ,\W,,W;, respectively, and we wish to estimate them emptp'm

measuring operations using a chemical balance y,, y,, ..., y, denote the

observations in thesn operations, respectively. We assume that the oaserv
tions follow the linear model

y = XW +g,

where y=[Y,V¥,,....,Y,]' is an nx1 vector of observations,

W =[W1,W2,W3]T is the vector of true unknown weights (parametefspb-
jects, the matrix

Xy Xp o X
X = X21 X22 X23

Xa Xz X

is called the design matrix aix; = -1 if thejth object is placed on the left pan
during theith weighing operatior x; =1 if the jth object is placed on the right
pan during thath weighing operation, the vecte =[¢, ¢,,..., £,]" is the so-
called vector of error components such 1E(g) = [0,0,...,0]" is annx1 vec-

tor of zeros anVar(g) = - 5S, where
B 1 D ,02 Ion—z pn—l
p 1 p PP
. pz 0 1 pn—4 pn—s
pn—2 pn—3 pn—4 1 ,0
_pn—l pn—z pn—s 0 1 |

and—-1< p<1.



ON SOME CONSTRUCTION OP-OPTIMAL ... 157

To estimate individual unknown weights of objecte wse the normal
equations

XTS™XwW = XTSy.
We say that chemical balance weighing design igusam or nonsingular if
the matrixX"S™X is singular or nonsingular, respectively. This mxat called
the information matrix for the design. If the mat X is of full column rank

(the design is nonsingular), then the generalieedtisquares estimator of the
vectorw is given in the form

W= (XTSX) XSy,

The covariance matrix (W is given by the formula

Var (W) = 1p2 (XTS™X)™,

1-

1
1-p

The inverse of the matri>S is equal to the matrix A for

2

p0(-11), where

1 -p 0 0 0
-p 1+p* -p 0 o0
0 -p 1+p° 0 0
A :p :p
0 0 0 - 1+p* -p
0 0 0 -« -p 1]

It is well known from literature (for example Hoamd Johnson (1985)) that
above matrix is positive definite fio0(-11) .

We consider the chemical balance weighing desigmghvminimize the
determinant o (X"SX)?, the inverseof the information matri: X'S™X . This

condition is equivalent to maximizing the deternminaf the information ma-
trix.
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Definition 1.1. We say that the design mati X is D-optimal in the class
C of the designsnatrices, wherC is a subset cM (%1 , if

det(X"S™X) = max{det(X"S™X): X OC},

where M ...(£1) is the set of all matrices wiin rows, m columns and each

element i<l or —1.
Hotelling (1944) studied some problems connectett wihemical balance
weighing designs, when the matiS was the identity matri>(0 =0). He

proved that the design is optimal if its design n®aiX is such that
XX =nl,. For -1< p<0, Li and Yang (2005) have proved that the design
with the design matrix

1 1 1
1
L
. 1 -1
X' = :
_11 _l
-1 -1
_1 13
1 -1 1

where elements with indices 1,2 and 3 are in positions

(2 +1 2][2 +1 3)(3;? +1, 3], respectively,is D-optimal in the class of de-

signs with the design matriX =[1|x|u]OM ,,(x1), where1=[11,...,1]",
X =[%, %,,...,x,]” and u=[u,U,,...,u,]". Yeh and Lo Huang (2005) have
considered similar problems for the compl@fefactorial designs and thg "
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fractional factorial designs also foBO<p <1 and n=2(mod4). The

D-optimal designs in these two papers are the cames from Bora-Senta and
Moyssiadis (1999).
In the next section we present that the design thizldesign matrix

1 1 1
-1 1 1
-1 1 1
-1 1 -1
X=l-1 1 -1/ (1.1)
-1 -1, -1
-1 -1 -1
-1 -1 1,
-1 -1 1

where elements with indices 4,5 and 6 are in joost
(g + 2, 2}(2 + 2, 3}(37: +1 3), respectively, iD-optimal in certain class of

designs with the design matrix X =[x|u|v]OM,4(x), where
X=[X, %oy X,]7, US[UL Uy, ..U ]y VE[V, Y,V )T, such that each

column of matrixX contains at least one 1 and (—1.

In proofs of theorems in the next section we useulas notation as in Li
and Yang (2005) and Yeh and Lo Huang (2005). Iniqdar, we used the fol-
lowing inequalities for the determinant formulatedHorn and Johnson (1985).

Lemma 1.1. (Hadamard's inequality).If P=[p;] is an nxn positive

semi-definite matrix, then

n

detP) < [ pi-

1=1
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Futhermore, whe P is positive definite, then equality holds if andyoif
P is diagonal.
Lemma 1.2. (Fischer's inequality) If

is a positive definite matrix that is partitionealthat B and D are square and
nonempty, then

det(P) < det®) detD).

2. D-optimal weighing designs

In this section we present new results concerlrgptimal chemical ba-
lance weighing designs. First we must define soatation.

For any vecto X =[x, X,, ..., X,]' DM, (x1), we define the number

cs(x) =H#{i:x =—%,,1<i<n-1}

For example, ifx= [1,1,1111-1-1-1-1~- 11111 -1 -11]", then
cs(x) =4.

For a matrix X=[Xx|u|V]OM (1) we define the function
f (X) = f(x,u,v) by the formula

x'Ax x"Au x"Av
f (x,u,v) =detX"AX)=detu’'Ax u'Au Uu'Av |
vVIAX V'Au V'Av

The value of the above function does not changeifnterchange two columns
of the matrix X and we multiply any column of this matrix |-1. Thus the
matrix which maximizes the functiorf is unique with the exactness to the

above operations. We define also the following tota
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A=1"Al=(1-p)[(n-2)(1- p)+2] and f = f(X), where X is given by
formula (1.1).
First, we consider the special ccn=4. ThusA = 2(1- p)(2- p),

1 1 1

A -1 1 1
X =

-1 1 -1

-1 -1 1

and

A+4p  2p@0-p) 0
f=del2p(l-p) OL+4p —4p |=320°-p+2).
0 -4p A+8p
In this case we proved the following

Theorem 2.1.Llet n=4 and-1< p<0.If

[X[u|VIO{[a|B[y]OM (x1):cs(a) =1, cs(B) = 1, cs(y) =1},

then
f> f(x,u, V).
This class of designs is very small and we are tblerite out all designs.

For example, wheics(x) =1, cs(u) =1, cs(v) =2, we consider only nine de-
signs with design matrices given below

1 1 1 1 1 1 1 1 1
-1 1 -1 -1 1 -1 -1 1 1

X1: , X2: , X3: ,
-1 -1 -1 -1 -1 1 -1 -1 -1

-1 -1 1 -1 -

[EEY
[EEY
|
=
|
=
=
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1 1 1] 1 1 1] 1 1 1]
-1 1 -1 -1 1 -1 -1 1 1
X, = , X = , Xg= ,
-1 1 -1 -1 1 1 -1 1 -1
-1 -1 1] -1 -1 1] -1 -1 1]
1 1 1] ' 1] ' 1]
1 1 -1 -1 1
X, = , Xg= , Xy = )
-1 1 -1 -1 1 1 -1 1 -1
-1 -1 1] -1 -1 1] -1 -1 1]
Hence
32(p* +1) i=1378
f(X,)=1320- p) i=249.
32(p°-p+2) i=56

Thenitis easy tosee tt f > f(X,) fori=12...,9.
Immediately, from the above theorem we have theviohg corollary.

Corollary 2.2. For n=4 and -1< p <0 the design with the design ma-

trix X given by (1.1) iD-optimal in the class of designs with the design ma
trix XOM,,5(+1) such that each column of the mai X contains at least one

1 and one—1.

Now, suppose that =8 andn =0 (mod4) . Therefore

A+4p  2p0-p) 0
f =de 20l-p) A+4p 0 |=
0 0 A+8p

=(A+4p)*(A+8p) —4p°(L- p)* (A +8p).
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In proof of the below theorem, we used the HadaraadiFischer inequalities.
Theorem 2.3.Let n=46,6=23,... and-1< p<0.If

[X[u[vIO{[a[B[Y]OM 5(x]) 1 cs(a) 2 1, cs(B) 21, cs(y) 22},
then

f> f(x,u,V).

Corollary 2.4. For n=0(mod4) and —1< p <0 the design with the design

matrix X given by (1.1) isD-optimal in the class of designs with the design
matrix X =[x |u|Vv]OM,,,(x2) such thacs(x) =1, cs(u) =1, cs(v) = 2.

In the case, when we consider the class of theydesiith the design matrices
X =[x|u|Vv]OM ,,(x1) such thatcs(x) =1 cs(u)=1cs(v)=1 we ob-

tained (using Fischer’s inequality) weaker theorasnin Yeh and Lo Huang
(2005).

Theorem 2.5.Let n=46,0= 2,3, ... and_—+11s p<0.If
n

[X[u|VIO{[a|B[Y]OM (x1):cs(a) =1, cs(B) = 1, cs(y) 21},

then
f > f(xu,v).

Therefore, in the class of designs with the desimirix X UM, ;(£1)

such that each column of mat X contains at least orl:and one—1 we have
the below corollary.
Corollary 2.6. For n=0(mod4) and -1/(n+1) < p <0 the design with

the design matri: X given by (1.1) isD-optimal in the class of designs with the
design matri> X =[x |u|Vv]OM ,,(*2) suchthacs(x) 21 cs(u) =21, cs(v) = 1.
It is easy to see that whio =0 the matrixS is the identity matrix. This

case is well known in literature (see Hotellin§44 or Galil and Kiefer, 1980).
Results present in this paper p =0 are consistent with results in literature.
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3. Conclusion

We considered-optimality problem if o [1(—1, 0] and p =3. We be-

lieve that the techniques presented in this papatdcbe extended to resolve
this problem forp > 3. For the present this problem is open.
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O PEWNEJ KONSTRUKCJI D-OPTYMALNYCH
CHEMICZNYCH UKLADOW WAGOWYCH

Streszczenie

W niniejszej pracy dyskutowany jest problem estyjimag@r obiektéw w chemicznym ukta-
dzie wagowym w oparciu o kryteriud-optymalngci. Zaktada si, ze bkdy losowe tworz pro-
ces autoregresyjny ¢du pierwszego, zwany procese AR(l) . Pokazanoze ukfad o macierzy

uktadu X dany wzorem (1.1) jedD-optymalny w pewnej klasie ukladow o macierzy uktad
XOM (1) takiej, ze kaxda kolumna macierzX zawiera przynajmniej jeden element rowny

1 oraz jeden réwn -1.
Stowa kluczowe:chemiczne uktady wagowB-optymalne uktady, procesR(1)
Klasyfikacja AMS 2010: 62K05, 05B20



