Colloquium Biometricum, 37
2007, str. 95-104

RELATIVE POTENCY OF PREPARATIONS BASED
ON PRINCIPAL COMPONENTS ANALYSIS
OF MULTIVARIATE RESPONSES

Joanna Olejnik, Zofia Hanusz

Department of Applied Mathematics, Agricultural Maisity
Akademicka 13, 20-950 Lublin
e-mails: joanna.olejnik@.ar.lublin.pl, zofia.han@sar.lublin.pl

Summary

Estimation of a test preparation efficiency in tiela to a standard preparation in multivariate
bioassays is presented in this paper. This estmasi provided if null hypotheses about parallel-
ism and the relative potency fail to reject. Howewehen many traits in the response for dosages
of preparation are considered, both hypothesedbeaejected. Then we cannot estimate the rela-
tive potency or we can choose the traits in thparse which are the most important for the ex-
perimenter responsible for acceptation of the Hypsds. In order to reduce dimensionality of the
responses, using principal components analysisapgsed in this paper. Principal components
related to the greatest eigenvalues of a samplelaton matrix are taken into account. Test
functions for the transformed responses are giVéeoretical results presented in the paper are
applied to estimate the efficiency of two formsnitfogen fertilizer in tobacco and winter wheat
experiments.
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1. Introduction

In the multivariate biological experiments (bioaggato estimate an effect
of a test preparation in relation to an effect gt@andard preparation, a relative
potency can be used. The relative potency of twapamations is defined as

. . - . Ur

a ratio of doses of preparations giving the samspaeses, i.ep = —, where
uS

Us and u, are the doses of a standard and a test prepaatespectively,

producing similar responses. The estimate of ttemmy specifies the dose of
the test preparation which should be administecegrbduce similar response
by unit dose of the standard preparation. In estimaf the relative potency we
test a hypothesis about the same vectors of sfopake preparations (parallel-
line assay) and a hypothesis describing the reldt&ween the relative potency
and model parameters are tested. The relative pptean be estimated if both
hypotheses are true. However, in practice, forarses having many measu-
rable traits, both hypotheses are frequently regkcin such a case we are not
able to estimate the relative potency or we carosh®ome traits in responses,
which are the most important for the experiment&ametimes this technique
allows to estimate the relative potency of prepanat In this paper we propose
to use spectral decomposition of correlation matrigrder to find out the most
important combinations of responses to reduce amkionality. This method
will be applied to experimental data sets considiéneHanusz et al. (2003) and
Hanusz, Rutkowska (2006). In these papers, thegrobf estimation of a rela-
tive efficiency of two forms of nitrogen fertilizen tobacco and winter wheat
experiments were considered. Several doses offyefbarations were adminis-
tered to plots forming complete block designs. Tifetuence of the nitrogen
fertilizer was measured by six and nine traitspeesively. The goal of the pa-
pers was to estimate the dose of nitrogen admieidta different way during
plants vegetation with respect to nitrogen admémnesd in the classical way. To
get answer, the method of multivariate bioassaywsasl. However, for the data
sets obtained in experiments, for all traits comsdd in the response, the esti-
mation of the relative potency can not be providadsuch cases, estimation of
the relative potency of preparations can be donedme traits in the response.
In the present paper we apply the spectral decatigo®f correlation matrix
to choose the most important combinations of altdr
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2. The linear model of responses in multivariate pallel-line bioassay

Let us assume that an effect of a test prepardtios compared to an effect
of a standard preparatid Let v, denote the number of different doses of the
ith preparation(i = S,T). Let u; denote thgth dose ofith preparation, where
i=ST; j=12---,v,. Next, we assume that doses of both preparations a
administered to experimental plots forming completedomized block design
with b blocks. Let us assume that the effect of prepamatcan be measured by
p measurable traits. Let;, denote a(pX1) response vector for thth dose of
the ith preparation applied in theh block, wherei =S T; j=12,---,v,;
k=12---,b. Each response can be described as follows

Yik =T To +X; By ey, (2.1)

where x; =logu;, T,, @; and B, denote(pX1) vectors of block effects,

ij !
intercepts and slopes, respectively. We assume pthditnensional response
vectors in (2.1) are independently normally disitédnl, i.e.

Yik ~ Np(‘tk +ta; +xB, ,)2). Then, a general linear model of all observations
has the following form

Y =XB+E, (2.2)

where Y is an (nx p) matrix of responses described in (2.1), allocaed
rows, X =[D_,A,,A;], B=[7,0,B]', D, =1, 0I, (v=Vvg +V;)is a ma-
trix connected with block effectd,, and |, denote vector of ones and identity
matrix of the sizen, respectively, [1 is Kronecker product of matrices,
A, = diag(lnS : 1nT) is (n><2) block diagonal matrix with the vectods, on
diagonal,n, =bl¥;, (i=ST), n=ng+n;, A, =diag(xs, xT) is (n><2)
block diagonal matrix with the{ni ><1) vectorsX; , including logarithms of all
applied in experiment doses for tith preparation, andr =[‘rl,‘rz,---,‘rb],
o= [as,uT], B= [BS,BT] are matrices of block effects, intercepts andedop

respectively. Matrix of observatiorY, has multivariate normal distribution,
Y ~N,,(XB,I,0x).
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Maximum likelihood estimates of parameter matrixi @ovariance matrix have
the forms (see Muirhaed, 1982; Kékg, 2000)

1

B=(X'X)XY, S==X :E(Y —xé)' (v -x8).

To reduce the column rank ¥fwe define a new matrix using principal compo-
nents analysis. As traits in the response mafrikave different units of mea-
sure, we use spectral decomposition of correlati@irix for the traits. Let

1 1
R =D 2SD 2 denote the correlation matrix, where

1
D2 :diag_l(JSl S ,-~-,1/spp) ands; (j=1---,p) are diagonal ele-
ments ofS. Let A,, A,, ---,A, denote eigenvalues &, in non increasing

order, andh,, h,, ---,h - the corresponding orthonormal eigenvectors uset

define the matrixH, , which containg eigenvectors corresponding to thiar-
1

gest eigenvalues, ie.H, =[h,h,,~,h,]. Then Z=YD 2H, has
1 1 1

N, (XG),I .0 )5) where® =BD 2H,, £ =H'D 2%D 2H,.

3. Estimation of a relative potency in multivariatebioassay

In multivariate bioassays, estimation of the reéapotency of two preparations
is connected with testing a hypothesis about @disatt and a hypothesis about the
log relative potency. In this section we give faaction for both hypotheses.

3.1. Testing hypothesis about parallelism

Test preparation could be compared to a standagcbgrihe relative potency if
they have similar impact on the response. Thislaiityi takes place if vectors of
slopes for the standard and the test preparatimnsi@ significantly different.

Parallelism of the responses can be formulatedhy;pathesisH'? of the form

HE:BT_BSZOp’
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where Op denotes null vector of the sipeor as follows
0. —
Hg; :¢® =0,

wherec’ =[0},0,,¢;], ¢z = [L-1].
The hypothesisHI? can be tested, versus the aIternatHé B —PBs %0,
using Wilks’ lambdaest of the form (Meisner et al., 1986):

N\ =

1
— —, (3.2)
1+ (c’(X'X)_c)_1 (c'(:))i‘l(c’(:)) /n

(z- xé))' z-x6).

where® = (X'x) X'z, )E =%

The hypothesisH, is rejected if—(n—r(X)—t—;ljln/\>xf_m, where

r(X) denotes the rank of the matixand a is a known significant level. The
effect of a test preparation is similar to the efffef a standard preparation if
H, is not rejected.

3.2. Testing hypothesis about the relative potense

Let us suppose that the hypotheﬁlq? !By —Bs =0, failed to reject.
Then, the matricesX and B in model (2.2) take new forms, namely,
X = [DT,Au,X], X =[X§,X5]’, and instead of the last two rowsBrwe put the
only one vectof} , the same vector of slopes for the standard aamtest prepa-

rations. To estimate the potency of the test pegmar relative to the standard
preparation, the following hypothesis should be tru

HS:(”T o =P,

where u denotes the logarithm of potency of the test pegjmn to the
standard preparationy =logp. To test the hypothesibl®, the Wilks’
lambda statistic could be also used
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A(u)= : —, (3.2)

~ ~\_ -1 \2 X
1+(c, (X'X) cu] (ch@)):‘l(c’u@) /n
where C'“ = [O'b,—ll—u], 0= ()~(')~()_)~('Z. The hypothesisHS is rejected if

I A o min/\(u) ~ 2
(n I’(X) > l_min/\(lu)jln/\(:u)>)(t—1,a'

Maximum likelihood estimator ofz is defined asu which maximizes/\(,u)

and for which the hypothesHS iS not rejected.

4. Numerical illustration of the results

We apply the estimation of the relative potencypgparations, based on
principal components, presented in the previoui@gdo assess the efficiency
of nitrogen forms applied in two different experime The first one was con-
sidered in Hanusz et al. (2003) and the secondiondanusz, Rutkowska
(2006). Both experiments were performed in randechizomplete block de-
signs with four blocks.

Tablel. Correlation matrix, eigenvalues, proportions and wlative proportions

Correlation matrix Eigenvalue Prppor- Cu_mula-
tion tive

)\1 [12.698 0.450 0.450
1.000 -.005 .082 .058 -.120 -.104
2005 1000 —.042 —200 .739 .719||Az [1229] 0205 | 0655
R=| 082 -.042 1000 -.249 206 .104| )\ [1017| 0169 | 0824
~| .058 -.200 -.249 1.000 -.441 -.004 |2
-120 .739 .206 -.441 1.000 .899|/A,[0.783| 0.130 | 0.954
-.104 719 .104 -.004 .899 1.000 N, [ 0272 0.045 | 0999

A, 00.0005 0.00008( [1
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Example 1. In the tobacco experiment (see Hanusz et al., 2@@h nitrogen
fertilizers were applied in doses: 7.5, 15, 22(, 46 kg N[ha™" in the form of
lime saltpeter or ammonium saltpeter. In the respa@ctor, Six traits were meas-
ured: y, - yield of tobacco leavesy, - a height of tobacco planty, - a total
number of leavesy, - a certain index of the middle tobacco leavgs,- a wide

of tobacco leavesy, - a long of tobacco leaves. For the data set mddain 1998

we get the eigenvalues of correlation matrix showhable 1.

The results in Table 1, show that the first foungipal components describe
more then 95% of response variation while threaggpal components explain
more then 82%. Taking into account the eigenveotorsesponding to these

eigenvalues, we get the results for testing th&)ﬁﬁBeSHE, Hff using (3.1)
and (3.2) and the estimate of the relative potetown in Table 2.

Table2. Test functions and the relative potency estimaiestiosen principal components

0 0 Potency
Number Hg :Bs =B+ H,tas—a; =B estimate
of principal
components X % p-value X % p-value Yo,
4 1.813 0.612 2.353 0.503 2.44
3 1.827 0.401 2.342 0.310 2.47

For three and four principal components both hygstis are not rejected on
significant level 0.05 so we can estimate the nadagpotency. The estimates in
both cases are very similar and are almost the sath@qual about two and the
half. It means that to get the same effect in tobagelding the dose of the test
fertilizer should be twice and half bigger than tlese of the standard fertilizer.
Example 2. In the experiment on winter wheat (see Hanuszkdugka, 2006)
doses of a standard form of nitrogen: 90, 130, 210, and 25kg Nha™ and

for a test: 130, 170, 210, 250 and 2k@N[ha™ were administered, respec-
tively. Eight traits in the response vector wereaswed:X; - chlorophyll in ear
emergenceX, - chlorophyll in florescencex;- yield of grains, X, - collection
of zinc, X;- % N, X, - weight of 1000 grainsx, - number of earsX;- number

of grains per ear. In the experiment basic nitragetilization in different doses
and different period of plants’ vegetation was &aplFor the obtained data set,
we get the eigenvalues of correlation matrix shawhable 3.
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Table 3.Correlation matrix, eigenvalues, proportions and wiative proportions

Cumu-
lative

A, 13399 0.425 | 0.425
(100 71 46 47 16 42 06 01 0181 | 0.606

71 100 59 49 .-13 49 02 09 |[*201446

46 59 100 92 -14 58 24 38||A,C0980[ 0122 | 0.728
_| 47 29 92 100 22 57 19 29
R=| 76 13 -14 22 100 01 - 24 - 24 ||}« 00920 0115 | 0843
42 49 58 57 01 100 09 08||A, L0626 0078 | 0.921
06 02 24 19 -24 09 100 07
01 09 38 29 -24 08 07 100 ||hsC0418] 0052 | 0.973
) “|A,C0198| 0.025 | 0.998

X, [0014] 0002 | 1

Correlation matrix EigenvalugProportior

The results presented in Table 3 show that the¢ fiwe eigenvalues explain

more then 92% of response variation but four oedhprincipal components
describe more then 84% or 72%, respectively. Takit@gaccount the eigenvec-
tors corresponding to these eigenvalues, we gatthéts of testing hypotheses

Hl?, HS and the estimate of the relative potency showreinle 4.

Table 4.Test functions and the relative potency estimaiestiosen principal components

Potenc
Number HY:Bs =P H:ag—a; =up ency
. X B S T S T
of principal " . estimate
components Xﬁ p-value X% p-value o
5 8.438 0.079 6.101 0.192 0.81
4 8.548 0.036 2.433 0.487 0.87
3 7.320 0.026 0.947 0.623 0.86

For all five considered principal components, tlypd'lhesesH[? and HS are

not rejected on significant level 0.05 so we are &b estimate the relative effi-
ciency of two forms of nitrogen fertilizers. Estitaaof the potency in these
cases are a little bit smaller than 0.9. We carclcole that both fertilizers are
almost of the same potency. We can take 0.9 olthiedose of the standard
fertilizer to get the same responses.
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5. Conclusions

In the paper we have shown that principal compananalysis can be ap-
plied to reduce the dimension of responses in thiivariate bioassays. Test
functions for testing the hypothesis about a pelilie assay and the hypothe-
sis about the relative potency of preparations weoglified for transformed
matrix of the data. Using tests given in the paperestimation of the relative
efficiencies of different form of nitrogen fertibzs in tobacco and winter wheat
experiments was done.
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WZGLEDNA EFEKTYWNO SC€ PREPARATOW OPARTA
NA ANALIZIE SKEADOWYCH GLOWNYCH
WIELOWYMIAROWYCH OBSERWACIJI

Streszczenie

W pracy przedstawiona zostata metoda estymacjityfeioici preparatu testowego wzgl
dem standardowego dla wielowymiarowychswimdcze biologicznych. Estymacja ta zagana
jest z testowaniem dwoch hipotez o réwnolégterostych regresyjnych oraz zabesci wzgled-
nej efektywndci od parametrow modelu. W sytuacji, gdy wéd@mdczeniu badanych jest wiele
cech okrélajacych reakg na stosowane dawki preparatéw, nie zawsze psmey hipotezy &
prawdziwe. W efekcie tego, nie aamy oszacow@awzglednej efektywnéci lub szacujemysj dla
wybranych cech w wektorze obserwacji, ktére dlapekgmentatoraasnajwaniejsze, i dla kté-
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rych obydwie hipotezy nie zostapdrzucone. W pracy prezentujemy pddej oparte na analizie
sktadowych gtéwnych. Sgodd wszystkich sktadowych gtownych proponuje wiybranie kilku

z nich, odpowiadagych najwyszym wartéciom wlkasnym w rozktadzie spektralnym macierzy
korelacji. Zastosowanie tej metody zilustrowano ohaoprzyktadami liczbowymi z dwiadcze,

w ktérych badano wptyw edych form naweenia azotem na plonowanie tytoniu i pszenicy ozimej
Doswiadczenia te zostaly przeprowadzone w uktadziedomizowanych blokéw kompletnych.

Stowa kluczowe wzglkdna efektywnéc preparatdwwielowymiarowe déwiadczenia biologiczne,
analiza skltadowych gtéwnych, él@iadczenia liniowo réwnolegte, obserwacje wielowsroive,
bloki kompletnie zrandomizowane, testowanie hipotez

Klasyfikacja AMS 2000: 62H15, 62H12



