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Summary. In the article analytical dependences are got
for determination of indexes of internal geometry of the
arched indents, form an instrument with an asymmetrical
initial contour that will allow to define the quality indexes of
capacity of such transmissions.

Key words. arched gearing, mixed gearing, initial
contour, productive surface.

INTRODUCTION

Operability of machines in many branches is
defined by quality of the mechanical drives
entering into their composition [4]. The destiny of
tooth gearings is thus great. Therefore
enhancement of toothed drives will allow to
increase operability of machines and consequently
is the actual task. One of methods of enhancement
of transmissions is geometry synthesis on quality
indicators of working capacity [1, 2, 9, 10, 14, 16].
For implementation of such synthesis the
dependences, connecting measure values with
geometry of teeth or the tool are necessary. Such
dependences for synthesis of geometry of the tool
were received in work [7, 8, 18] for different types
of transmissions, and in work [5, 19] it was for
transmissions with arch teeths. Synthesized in the
work [3, 6, 19] symmetric output circuits
synthesized in operation have limited application
in view of some technological shortcomings, but
provide the powerful benefit on working capacity
over traditional transmissions. The combination in
one transmission of advantages of different types
of linkages will allow to expand an area of their
application [13, 21, 22].

OBJECTS AND PROBLEMS

Article purpose is to receive the equation for
a measure definition of internal geometry of the
arch teeths formed by the asymmetrical output
circuit.

In case of determination of criteria of
operability of tooth gearings with arch teeths the
equations of surfaces of teeths, and also indexes of
internal geometry of these surfaces are used.

The equation of the active surfaces can be
received [18, 19], writing coordinates of surfaces
of a linkage in coordinate systems X,¥Z, and

X,Y,Z, which are connected to a gearwheel and a

wheel. Realizing transition from fixed coordinate
system XYZ to systems X,YZ, and X,Y,Z,, we

will receive:
1) the equations of surfaces of fingers of arch
wheels in systems X,YZ, and X,Y,Z, for the

convex side:

X =(fi+ R )cosp, +Q , cos Bsing,

v =(/; +R))sing, —Q,, cos Beos gy,

21 =20~ fpsinf;

(gearwheel head); (1)
5= (@1 +R )COS§01 +Q, 4 cos Bsin g,

;1]’ =

Fio = » :(CDI +R1)sin<p1 — Q4 cos fcosq,

z; =z, — @, sin fB;

(gearwheel pinch); 2)
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Xy = (f1 —Rz)cosga2 —Q,; cos Bsing,,

Y2 = _(ﬁ _RZ)Sin(02 _Qlf COS,BCOS(02,

z, =z~ frsin f3;

(wheel head); 3)
x, =(@, - R,)cosp, —Q, cos Bsing,,

¥y =—(® = Ry )sin @, — Q4 c0s B cos gy,

2y =2y =P, sin f3;

(wheel pinch); (4)

2) the equations of surfaces of fingers of arch
wheels in systems X,YZ, andX,Y,Z, for the

;2/‘ =

rzo =

concave side:

x =(fi+R )cosp —Q,; cos fsingy,
n=(fi+R)sing +Q, ; cos Beosgy,

z, =zy + f,sin B

(gearwheel head), (5)
X = (@ + Ry )cospy —Qyq, cos Bsin gy,

;1/‘ =

rio =4y =(@ +R)sing, +Qyq, cos fcos gy,

z, =2y + @, sin f;

(gearwheel pinch); (6)
Xy = (/i —Ry)cos g, + Q, ; cos fsing;,

¥y =—=(fi =Ry )sing, +Q, ; cos fcos p,,

zy =2+ fosin f3;

(wheel head); 7)
Xy = (@ — Ry )cos g, + 0, cos Bsing,,

raf =

r20 =4y, =—(® — R, )sing, + Qg cos B cos g, ,

z, =2y + D, sin f;
(wheel pinch). (®)
In the received equations the variables A,
u , ¢; connected by ratios, the described equations
of a linkage F and F, [11, 19, 20].
Let's write also in mobile coordinate systems

of a projection of unit vector of a normal [12, 19,
20]. In coordinate system X,¥,Z, we have
projections of unit vector of a normal to a surface

of teeths of a gearwheel (according to a head and a
pinch):

€x1 =€y, COSQP —e,, sin (%D
er = e, = e, sing +e, cosy,
€= ezn; (9)
€y =€, CosQ —e, sing,,
e = e, =ey, sing, + €, Cos g,
€1 =€,

In coordinate system X,Y,Z, we have

projections of unit vector of a normal to a surface

of teeths of a wheel (according to a head and a
pinch):

€, =€, Co80Q, + eyn smae,,
€f =1€yp = —€,, S P, + €y, COS Py,
€2 =€y (10)
€yy = €y, COSP) + eyn Sme,,
ew =1e,, =—e,sing, +e,, cosp,,
€0 =€y
e e
In formulas (9), (10) ", e,,, =, means:
’
_tf +D;
€in = H e =—-
n. xn >
S g
’
- 1 - [0}
ef = eyn:——ICOSﬁ,s ew = ey,,z——lcosﬁ,'(“)
ny N
A ’
. 1 .
e, :_lsnlﬁ; e‘zn:—Slnﬁ.
nf g
Here:

2 2 2 2
A G I L

The upper sign undertakes for the convex
side, lower is for concave.

For determination of criteria of operability of
tooth gearings it is necessary to have coefficients
of the first and second quadratic forms. For
determination of coefficients private derivatives of
radius vectors and vectors of normals to the active
of surfaces of teeths of a gearwheel (n=1) and
wheel (n=2) are necessary.

Differentiating the equation (1)-(8) on 4 and
¢, considering also the linkage equations, we

have:

A ' A

x{ = f; cosg J_r(Qlf cosﬁ) sing,,
A T A

ry =1y =h s1ngol+(Qlf cosﬂ) cos @,
d

2 . H_ . ys

zl =2y ——F(frsinB)";

V=2 (fasin )

2 Py
X =@ cosp, £(Qy cos B) sing,

-2 N i
rlo =1y} =/ sing, F(Q cos B) cos gy,

=z, CJI—;Ii(ch sin,B)A;
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A ' — A
x5 = fi cosq02+(Q1f cosﬁ) sing,,

~4
raf

ro. — A
yi=—f, sm(p2+(Q]f cosﬂ) cosQ,,
d
2 . H_ . A
zy =zy-——F(fosin )
255 (f2sinB)

_ P
x5 =/ cosp, F(Q cos B sing,,

-2 S 2
a0 =15 =—@ sing, F(Qp cos B)” cosp,,

2} =z, -Z—'Z?((DZ sinﬁ)l;

x{ =—=(fi+R)sing £Q, , cos fcosg, +
1Q , sing (cos ,B)(p s
rir=4y? =(f; + R )cosp, £Q, , cos fsingy F

FQ,  cos g, (cos B) .
zf =z, Z—’Z?fz (sinB)”;

x{ =—=(@, +R)sing, £Qy, cos feos g +
+Q),, sing, (cos B)”,

ro =43¢ = (@, + R )cos g, Q4 cos fsing, F

FQ, cos gy (cos B,

zf =z, ~Z—Zl$®2 (sinﬂ){p;

x§ =—(fi —Ry)sing, T, cos fcosp, T
FQ, /sing, (cos B)”,

rap =138 ==(fi =Ry )cos g, £Q  cos Bsing, F

FQ, / cos @, (cos B)°,
z§ =2, -Z—Zifz (sin B)”;

x§ =—(D, —R,)sing, FQ,,, cos fcosp, F
FQ, sing, (cos B,
50 =10 = (@, — R, )cos @, £Q,,, cos Bsing, F

FQ,4 cos @, (cos ,B)‘p ,

z§ =z, -Z—Z?@z (sin B)”;

Here the upper sign corresponds to the
convex side of tooth, lower is concave.

Differentiating the equation (9), (10) on
A and ¢, we have private derivatives of vectors of

normals to a surface of teeths of a gearwheel
(n=1) and wheels (n=2) for a head and a pinch
respectively:

Ao A A
ey =€y, COsSP — ey, sing,,

ot 1ot = sino + &
el f = eyl =e, sme; eyn cos ¢y,
A _ A,
€1 = €xms
A A A
€y = €y, CosQ —e), singy,
~ y A vl
elp =€, =€y, sing +e;, cosy,
A A
€1 = €ms
A _ A Ao
€., =€, CosSP, +eyn sme,,
=4 A A s
ey = €y2 =—e.,Sine, +eyn CcosQ,,
Ao A,
€0 =€y,
A A A
€2 =€, COSQ, + eyn Sme;,
~4 2 o A
e =€), =€, Sing, + e, cos,,
A A
€2 =€y
P _ (P _ _ @ 4
el = (exn € )cos o) (exn +ey, )sm o,
ey =1e? =(e? e, )sing, +(e., +e? )cos
ey = eyl =\ Cm eyn 2 €xn eyn (%41
¢ _ 9.
€1 = €n
P _ [P _ _ @ 4
ey = (exn €, )cos o (exn +ey, )sm o,
e =1¢% =(e? —e. )sing, +(e,, +e?, )cos
1o = vyl 7 \Fxn yn @ xn yn P
P _ P .
€1 =€n

e =1e? =—(e +e )sing, +(e? —e. )cos

2f = y2 xn yn 1) yn xn Pa>
¢ _ 0.
ez2 _ezn’

oo =1e, =—(e?, +e,, )sing, +(e?, —e,, |cos
20 = y2 = xn yn ) yn xn %X
¢ _ P
€7 =€z

R o _ ;
el = (em +ey”)cos¢)2 +(eyn e, )sm 0,

? — (e ¢ _ i
ey, = (exn +ey, )cos 0, +(eyn e, )sm 0,
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Using everything higher explained, and also
elements of differential geometry [15, 17], we will
receive coefficients of the quadratic form of a

surface of teeth of a gearwheel (for a head):

2

E :(fi,)z +((Q1‘/‘005ﬁ)/1)2 +((Zl)l) )

R=+fQ, cos,BI(Qlfcosﬂ)/l((f1 +R1)$Qlf(cosﬁ)¢)+zfzf",

G :((fl +R)FQy, (oosﬂ)q’)2 +(Qlf cosﬁ)2 +(z]¢)2 ,

' A A A
lﬂz_flexni(glfcosﬂ) En 2 Cn>

20 = (o (2 conp) (e 65 e, 7

xn

O, cosﬂefn —((f1 +RI)$Qlf (oosﬂ)‘p)eﬁ" —z{pefn,
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&=y ~((+R) T (cosB)” ) e+ ) -

(12)
Similarly for a pinch of a gearwheel it is had:
5 =(a] +{( Qs | (@)
F =00, 005 (05 B ((4-+R ) F Oy (05 B)° |+,
=((@+R) 7 s +(yq 088 +(=)
L=-%¢, +(Qm>cosﬂ) e -7,
2M, =-@ (e"’ -e, ) (008 B) (e +¢ ) —zte? F
3008~ (01 + ) F Q005 )|~
N, =T cos B¢, e,,)~{ (4 +R)F (05 e, €5, )~

PP
2 Ep-

(13)
Coefficients of the quadratic form of a
surface of teeth of a wheel (head):

5=+ (=)

F :iﬂQlfCOSﬂi(Qlf 005/3) ((fl —Rz)ifll_/»(a)s/})(p)+z§z§",

(6 cosp)’

Gy ={(/i~Ru) T (cos ﬂ)"’)z oo ) +()

L =1, %Oy cosp) ¢~ e,

2My = (€, +e,, ) F(%y cos B) (e —e, )7,

30y cos -, +{( i~ Ro) FOy (c0sB)° |, ~ 4L,

Ny =0 cos (e, e, ) +{( i~ R) T (05 B)° (6, e, ) -

PP
2

(14)

Similarly for a pinch of a wheel it is had:
5 =(af | +{(Queosp) | ()]
By =400 008 BTy 05 B) (64~ R,) T (05 B)° ) + 7425,
G =((@-R)70, (OOSﬁ)‘”)2+(Ql¢COSﬂ)2+(Z§")Z,
L=, H(Qpeos ) &, ~2e,
2My = (&5, +e, | F(Qp o8 B)' (€, ~e,, ) -F ¢, F
Ty 08 - +| (B~ R F O (05 p)° |, ~ 4l
Ny =30 005 (5, +¢,, )+ (B ~R) T (c05B)° | (¢, e, ) -

PP
2y €,

(15)

In the received ratios for coefficients of
quadratic forms upper the sign undertakes for the
convex side, the lower sign is for concave. Value
e, e, , e are undertaked from received before

xn > yn? zn

formulas with the upper sign for the convex side of
tooth of a wheel (gearwheel), with the lower is for
the concave side respectively. Others, not defined
above a parameter value, taking into account the
equations of a linkage have the following
appearance (for a head and a pinch respectively):

RK o RK
(cos )" = 1£Q, K’ (cosf5) C1£Q,0K

oo KRicigh oo KRicigp
(sin 8) 1£Q, K (sinf)" = 1+Q,0K
du _ R, du R,

%_ Fo(1£Q,K)

du  TQ,, cosp du _ FQy4 cos
a3 (120,,K)  di 5y (1£QK)

dg o (140,,K)

Q,,/QKcos
P ' _ s
Q, cos =Q, cosfF—————, 16
(Qrcos B) =0y cos p 150, K (16)
Qs BHK
(9, cosﬂ) =Q,) cosﬂ+w,
1£Q,,K
oo e A RK o RK
" Moo 1£Qy K0 n 1£Q,,K

In the private derivatives given here for
gearwheel teeth i=1, for wheel teeth i=2, the

upper sign corresponds to the convex side of tooth,

A A A

eyn s €z

lower is for concave; formulas for e

were given above. Besides, designations take
place: Q,, =Q, + /5, Qg =Qip +D;.

Using coefficients of the quadratic form
(12)-(15), it is possible to define normal curvatures
of surfaces of teeths of a gearwheel and a wheel
[19, 20]. For this purpose we use the ratio received
earlier for determination of curvature of the
forming surface in which instead of du it is

necessary to add d¢, instead of E,, F,, G,, L,,
M N, are appropriate coefficients

gearwheel (12), (13) and wheels (14), (15).
Normal curvatures of surfaces of teeths of a
gearwheel and wheel in the direction of contact

lines ¢, = const in case of will be equal:

for a
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Normal curvatures if 1 = const (along screw
lines) are equa.

From the last ratio it is visible that if K =0,
B =0, normal curvatures K,, along screw lines
are equal to zero.

Using the linkage equations for convex (the
upper sign) and bent (the lower sign) the tooth
sides, we will receive if = const (for a head and a

pinch respectively):

(d—wj :+sz'cosﬂ (d_goj =+Qz(p'cosﬂ
i), R ’diu - R

1 1

. (17
Then in the normal section of teeth the

normal curvature if u = const looks like:

L, dA*+2M;dAdp+N,dp’
M E dA*+2F dAdeo+G, dg*

(18)

Having separated numerator and a

denominator of equality (18) on dA?, and using a
ratio (17), we will receive:

2
RZL,+2MR,Q, ' cos B+ N, (sz' cos ﬂ)

K, =

2 b
R’E; £2F,RQ, ' cos f+G, (sz' cos B)
(for a head),

2
R2L,+2M,R Qyy cos B+ N, (Qw' cos ﬁ)

K=

-
RE; £2F,RQ,4 cos f+G, (Qm' cosﬂ)

(for a pinch).

In edge sections of cogwheels z =const,

z, =const . Then from the last equations (1)-(4) for

the active surfaces of arch teeth, considering that
z, =const we will receive (for a head and a pinch

respectively):
e, =1y sin B)d27 /, ~asal—nﬁdu =0, (19)
7

Osin

de, = (@, sin p)d2F 0,2 dp=0. (20)

Using the linkage equation for the convex
and concave sides of arch teeth, we have
respectively for a head and a pinch:

ocos B

du=0
@1

dF; = yydu—Rdp+Q,  cos fdA+Q, ;-

dcos f

dF, = yodp—Rdp+Q,4 cos BdA+Qyy, - du=0

(22)

Deciding systems of equations (19) and (21)
for a head, (20) and (22) for a pinch, we find for
edge sections of cogwheels (for a head and a pinch
respectively):

>

(d(pj _ f/sinp 1gB(1+Q, K )+ £,KQ,/ cos B
Ti

dx KR,
(d(pj D,/ sin B 1gf(1£ Q) K)+ D, KQy,) cos B
dA )y D,K R, ’

Normal curvature of surfaces of teeths will
be equal in edge section:

2
Li+2M,(dj +N,.(d"’j
a2 )i d2 )i

2
E +2F, (d(oj +G; [dgoj
di )y

K, =

CONCLUSIONS

1. Received analytical dependences for
coefficients of the first and second quadratic forms
are necessary for determination of criteria of
operability of tooth gearings.

2. The received values of normal curvatures
of surfaces of teeth in the characteristic directions
can be used in case of synthesis of transmissions
with arch tooth by these criteria.
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BHYTPEHHSSI TEOMETPUS] AKTUBHBIX
[TIOBEPXHOCTE 3YBLIOB LIMUIMHAPUYECKUX
APOYHBIX MMEPEJIAY CMEILIAHHOT'O
3ALETUIEHUS

Banenmun [luwos, Ilasen Tkau,
Enena Hanas, Tamvana Kypasenesa

AHHoTauus. B cratbe mOMyYeHBI AaHAIUTHYECKUE
3aBHCHMOCTH I OIpENeJICHUsl IOKa3aTeled BHYTPEHHEH
TEOMETPHHU apOYHBIX 3yOLIOB, 00Pa30BaHHBIX HHCTPYMCHTOM C
HECHMMETPHYHBIM HCXOIHBIM KOHTYPOM, KOTOpBIH MO3BOJNUT
OIpe/IeNINTh KadeCTBEHHBIE ITIOKa3aTeIH PabOTOCIIOCOOHOCTH
TaKHX repead.

KnwueBsie cnoBa. ApouHble 3y0daThie Tepeaadd,
UCXOZHBIH KOHTYP, HPOM3BOIAIIAS [IOBEPXHOCTb,
MHCTPYMEHTAJIbHAS petixa, cucrema KOOp/MHAT,
KO3 QUIIHEHTHI KBaAPATHIHBIX ()OPM, HOpMaJbHAsI KPUBU3HA,
IJIaBHbIE KPUBHU3HBIL.



