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Abstract. The production functions of water-dependent sectors of the economy can include the 
water level in the lake as a natural resource. This characteristic must be able to reliably predict for 
the effective functioning of sectors of the economy. In the article the main attention is paid to the 
methods of forecasting based on the extrapolation of natural variations of the large lakes water 
level. As an example, Lake Ladoga is considered. In this paper, it is assumed that the level varies 
accordingly to a stochastic multi-cycle process with principal energy-containing zones in frequency 
bands associated with seasonal and multi-annual variations. Hence, the multi-year monthly and 
yearly averaged time series are represented by the ARIMA (auto-regression integrated moving 
average) processes. Forecasts are generated by using of the seasonal ARIMA-models, which take 
into account not only the seasonal but also the evolution non-stationarity. To compare the forecasts 
and the actual values, the relative errors are computed. It is shown that implementation of the 
models mainly allows receiving good and excellent forecasts. 
Subject Classification Numbers: UDC 556.555.2.06(4) 

Introduction 
Many sectors of the economy, whose activities are closely related to the use of water 

resources, require hydrological forecasts. A reliable forecast allows you to optimize economic 
activities taking into account the needs of production (see, eg [1, 2]). 

A human has many consumer interests in water, and this interest may be generalized in the 
language of the economy. If water is regarded as a natural resource, then hydrological variables in 
economic models may act either as parameters (then hydrology is an external reality for the 
economy) or on the contrary they can be influenced by economic variables (then we are dealing 
with an expanded subject area combining hydrology and economy). 

Fig. 1 shows production and technological interpretation of the economy. The production 
characterizes the following aspects: labor (L); instrument of labor or fixed capital stock (K); subject 
of labor ( WWW S +=

~ ), comprising natural resources WS and subject of labor returned to the 
production as a part of gross product X. 
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Figure 1. Interrelation of the production elements. 

 

In this situation the condition of economy is determined by the capital-labor ratio k (K/L), and 
its management – by labor performance x (X/L) and a share of non-production consumption u (C/Y). 
With the use of theory of sufficient conditions of optimality, we may show that optimum labor 
performance x  is ensured at x = f (k, t). The production function f (K, L, t) reflects a relation 
between production factors and its result. Parameter t may be used to account for the influence of 
external factors, including scientific-technical progress and variability of the natural resources, on 
the economy (its model). 

Further we show how hydrological consequences of the climate change in economic 
calculations may be taken into account (see, eg [3]).  

The purpose of the study is to consider methods and mathematical models of probabilistic 
forecasting, taking into account possible climatic changes, the water level in large lakes in Europe, 
using the example of Lake Ladoga, as a natural factor included in production functions. 

Level regime of lakes is formed under impact of active and adaptive factors, which, in their 
turn, are influenced by modern climate and anthropogenic pressure. Climatic factors are usually 
considered as active, while factors of the underlying surface are adaptive [4]. Various combinations 
of the climate signal and the underlying surface response, in particular, define certain differences in 
patterns of seasonal [5, 6] and multi-years fluctuations of the lakes water level. 

In this paper, the Ladoga Lake is considered as an example of a large European lake [7]. The 
seasonal cycle of its water level is quite smooth, while its multi-years fluctuations are basically 
represented by the overlapped low-frequency oscillation and slightly adjusted characteristic 
elements of the seasonal cycle. Previously performed researches [8, 9] showed that contribution of 
the seasonal fluctuations dispersion into the total dispersion is significantly less than that of the low-
frequency oscillation. 

Materials and Methods 
Application of the autoregressive-integrated-moving-average (ARIMA) methods [10] for the 

observation time series analysis opens wide perspectives for statistical forecasting of the large lakes 
water stage. 

In our research, the Ladoga Lake was considered. Monthly averages of the water level 
observed at the gauge in Syas’skie Ryadki in the period from 1881 to 2004 were used to simulate 
their seasonal fluctuations in the typical (in terms of water content) years (1923–1925, 1986, 1990, 
1993, 1995, 1998, 1999 и 2003). Quantile analysis of the yearly averages has shown that, in 1923–
1925, 1986, 1990, 1993 and 1995, the Ladoga Lake stages were above the multi-years median. 
Meanwhile in 1924, a historical maximum (609 cm) was recorded. In 1998, 1999 and 2003, average 
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water stages were below the median; in 2003, the lowest stage for the considered period was 
recorded (381 cm), which is the ranked #2 since 1940 (361 cm).  

Statistical generation of forecasts was performed in two ways. The first way was based on the 
seasonal ARIMA-model (p, d, q) (Ps, ds, Qs) (where p denotes the autoregression parameter, d 
denotes an order of the residual sampling, q denotes the moving average’s parameter, Ps denotes the 
seasonal parameter of autoregression, ds denotes the seasonal residual, Qs denotes the seasonal 
parameter of the moving average). This model takes into account both evolutional and seasonal 
non-stationarity. The water stages were forecast with 12-monthly lead time (January through 
December). The model included two parameters of the moving average (i.e. regular and seasonal 
parameters). The initial time series was transformed three times: (1) when it was logarithmed, (2) 
when residuals were taken with lag equaling to 1 (to remove the evolution nonstationarity), and (3) 
when residuals were taken with lag equaling to 12 (to remove the seasonal nonstationarity). 

The second way was based on presenting of the monthly averages through a vector, whose 
components were defined by the annual consequences of values estimated for every month of the 
year T:  
 

Ht  = {H1, t, …, H12, t}, T = {Hi, t}, i = 1, …, 12,                            (1) 
 
where t denotes corresponding time series of monthly values, which are considered as a stationary 
and stationary correlated stochastic process. 

Expression of the modelled structure of every vector’s component via the first order 
autoregressive process (AR(1)) or the first order moving average process (MA(1)) allows statistical 
prediction of the lake stage with a 1-year lead time. The forecast monthly values taken within the 1-
yearly period for many years allow obtaining the seasonal stage fluctuation forecast.  
To compare the forecast and actual values, relative errors were computed: 
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To assess the forecasts’ success rate, they were compared with actual values by using an additional 
criterion [11]: 
 

δadd= ± 0.674σ,                                                            (3) 
 
where  
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Нi,a denotes the actual water stage value, aH  denotes the multi-year mean of the water stage, n 
denotes the length of the time series). Generated forecasts were assessed as ‘excellent’ if δ < 
0.3δadd, ‘good’ if ( ) addδ÷=δ 6.03.0 , and ‘acceptable’ if ( ) addδ÷=δ 0.16.0 . 

 In addition, efficiency of the forecasting methodology was assessed by using the 
∆σ

S  ratio 

(where S denotes the root mean square error (RMSE) of forecasts issued for the validation period, 
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where Нi,f denotes the forecast stage values, aiH ,  denotes the actual stage values, n denotes a 
number of forecasts issued within the validation period; σΔ denotes RMSE of the inertial forecasts 
for the same period, 
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iii HH −=∆ τ+ , ( )1−τ−∑∆=∆ n
i

i , where τ  denotes the forecast lead time). An assessed 

methodology is effective, if 
∆σ

S  ≤ 0.70 at n < 15, 
∆σ

S  ≤ 0.75 at 15 ≤ n < 25, or 
∆σ

S  ≤ 0.80 at n ≥ 25. 

Results 
Results of forecasting of the Ladoga Lake seasonal water stage fluctuations in the period from 

1923 to 1925 performed by using the seasonal ARIMA-model are presented in Fig. 2 and Table 1. 
Intercomparison of the actual and modelled values computed for 1923–1925 showed their quite 
good coherence, which was especially nice in the period from June to September, when the 
difference between the actual and modelled values did not exceed 1–3 % (e.g. in 1923 and 1925). In 
the periods from April to May and from November to December, the difference increased up to  
12 % – this is due to the larger natural fluctuations during these periods (spring and autumn floods). 
In accordance with the mentioned criterion δ, statistical forecasts issued for 1923 and 1925 can be 
assessed as ‘good’, while hindcasts of stages in 1924 can be assessed as ‘acceptable’. Beside that, 
the forecasting methodology is effective ( 92.08.0 ÷=

σ∆

S ). 

 In 1986 and 1993, the AR(1) model performance was found better, while in 1990 and 1995 
years the MA(1) succeeded. In these years, hindcasts were ‘excellent’. 

In 2003, statistical forecasts were obtained by using two approaches from three models (Fig. 3 
and Table 2). Thus, forecasts issued by using ARIMA and MA(1) are ‘good’, while hindcasts 
issued by using AR(1) are ‘excellent’. 
Table 1. Intercomparison of actual (Ha) and modelled (Hm) values of the Ladoga Lake water stage. 

Month, year Ha, cm Hm, cm δ Month, year Ha, cm Hm, cm δ 
January, 1923 483 486 –1 July, 1924 659 565 14 
February, 1923 482 483 0 August, 1924 640 556 13 
March, 1923 480 492 –3 September, 1924 618 541 12 
April, 1923 472 511 –8 October, 1924 599 531 11 
May, 1923 488 543 –11 November, 1924 576 513 11 
June, 1923 518 551 –6 December, 1924 556 505 9 
July, 1923 528 546 –3 January, 1925 547 486 11 
August, 1923 523 534 –2 February, 1925 532 484 9 
September, 1923 518 520 0 March, 1925 539 492 9 
October, 1923 520 512 2 April, 1925 547 511 7 
November, 1923 536 495 8 May, 1925 462 543 3 
December, 1923 558 489 12 June, 1925 553 551 0 
January, 1924 566 487 14 July, 1925 541 546 –1 
February, 1924 589 472 20 August, 1925 521 534 –2 
March, 1924 586 492 16 September, 1925 503 520 –3 
April, 1924 608 522 14 October, 1925 497 513 –3 
May, 1924 646 557 14 November, 1925 494 495 0 
June, 1924 664 568 14 December, 1925 486 489 –1 
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1923 year 

 
 

1924 year 

 
 

1925 year 

 
Figure 2. Actual (Series 1) and modelled (Series 2) values of the seasonal fluctuations of the 

Ladoga Lake water stage in 1923–1925 years. 

Table 2. Intercomparison of actual (Ha) and modelled (Hm) values of the water stage in 2003. 

Month Нa, сm 
Нm, cm 

1st way 2nd way 
ARIMA AR(1) MA(1) 

January 360 365 373 390 
February 360 369 370 393 
March 363 373 367 401 
April 368 385 376 414 
May 386 399 395 403 
June 380 398 391 427 
July 381 394 391 423 
August 382 384 398 418 
September 391 372 394 418 
October 397 357 395 406 
November 399 350 396 401 
December 409 347 406 400 
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(1) observation, (2) ARIMA, (3) AR(1), (4) MA(1) 

Figure 3. Actual and modelled values of the Ladoga Lake water stage in 2003. 
 

Note that monthly correction of statistical forecast by using 12 regression equations is 
possible (Table 3). In this case, two factors (the actual average water level for the preceding month 
and the average level of the same month for the previous year) are used as predictors. 

 
Table 3. Forecast correction in 1998 and 1999 

Year Н, cm Months Average 1 2 3 4 5 6 7 8 9 10 11 12 

1998 Нa 417 422 428 447 466 471 477 483 485 476 780 485 461 
Нm 416 421 427 444 468 476 469 471 474 478 468 479 458 

1999 Нa 491 493 492 510 528 523 509 485 463 436 419 411 480 
Нm 490 495 497 510 534 545 541 531 516 507 497 494 513 

  
The obtained results once again confirm that the ARIMA-methods can be used as universal of 

prediction of the water stage fluctuations in the large lakes.  

Conclusion 
The use of lakes for economic purposes is very diverse. Lakes serve as sources of water 

supply and irrigation of fields. Large lakes, lake-river systems are mostly waterways. If dams are 
built on rivers flowing out of lakes, these objects become reservoirs for hydroelectric power plants. 
Lakes are also widely used for fishing and fish farming, as recreational facilities, cooling ponds for 
state district power stations and nuclear power plants, for sapropel mining, for balneology purposes, 
etc. 

When planning economic activities, it is necessary to take into account future changes in 
water levels in the lake. For this, mathematical models are used. 

On the example of the large Ladoga Lake, which is characterized by a slow water exchange, 
our research has shown that the seasonal ARIMA models can be successfully applied for the large 
lakes level statistical forecasting, which are described by seasonal fluctuations overlapped on the 
multi-years trend, while the AR(1) and MA(1) models can be used for modeling of multi-years 
consequences of the water level monthly values and, possibly, taking into account other 
components of the water balance [12, 13]. 
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