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Abstract: Nonlinear dynamic properties of silty 
clay from Warsaw area. In this work, the small-
-strain and nonlinear dynamic properties of silty 
clay samples were studied by means of the low- 
and high-amplitude resonant column (RC) tests 
at various mean effective stresses (p’). The tested 
specimens were collected from the centre of War-
saw, district Śródmieście. Initially, the low-ampli-
tude tests (below 0.001%) were conducted. Sub-
sequently, the nonlinear testing was performed, at 
shearing strains greater than 0.001%. These tests 
were carried out in order to receive the dynamic 
properties of silty clay specimens in the nonlinear 
shear strain range. The small-strain material damp-
ing ratios (Dmin) of silty clay samples were also 
measured during the low-amplitude resonant col-
umn testing. The results show that increasing shear 
strain (γ) above the elastic threshold (݁ݐߛ) causes 
a decrease of the shear modulus (G) and normal-
ized shear modulus (G/Gmax) of analyzed soil sam-
ples. Simultaneously, it is observed a increase of 
its damping ratio (D) and normalized damping (D/
/Dmin) with increasing shear strain (γ). Predictive 
equations for estimating normalized shear modu-
lus and material damping of silty clay soils were 
presented here as well. The equations are based on 
a modified hyperbolic model and a statistical anal-
ysis of the RC tests results. The influence of un-
loading process on dynamic properties of the tested 
material was also discussed in the paper.

Key words: nonlinear dynamic properties, silty 
clay, laboratory tests, resonant column apparatus

INTRODUCTION

The behaviour of soil and rock materi-
als due to shearing motions is one of the 

key properties that generally impacts 
the geotechnical engineering design un-
der various dynamic loadings. Dynamic 
loading and subsequent response of the 
subsoil must be described in the context 
of wave propagation. The properties gov-
erning the behaviour of soil subjected to 
dynamic loading are called dynamic soil 
properties (Kramer 1996). In order to in-
vestigate the dynamic behaviour of soil 
under shearing loads, two parameters, i.e. 
the shear modulus (G) and the material 
damping ratio (D) are most frequently 
calculated (Das 1993). These properties 
are measured in the linear and nonlin-
ear strain ranges. The shear modulus is 
a parameter that describes the stiffness 
of geotechnical materials and it is di-
rectly related to the deformation under 
shearing loads. The material damping 
ratio, on the other hand, represents dis-
sipation of energy during each cycle of 
shearing motions. Stiffness and damping 
can be determined from both laboratory 
and in situ tests. The laboratory meas-
urements are well-suited for paramet-
ric studies, such as the effects of stress 
state and strain amplitude. In the field, 
however, seismic testing is used in or-
der to evaluate the shear wave velocity 
at small strains (VS), through which the 
small strain shear modulus (Gmax) is cal-
culated. 
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From the past studies, it is known 
that the dynamic shearing behaviour of 
geotechnical materials can be divided 
into two parts, according to the range of 
shear strain (γ). These are the following: 
the small-strain range and the nonlinear 
range. Small strains, when shear strains 
are typically below 0.001%, do not cause 
any significant nonlinear stress-strain 
behaviour in the soil. In the small-strain 
range, the shear modulus as well as the 
material damping ratio are constant; at 
this strain level they are assumed to be 
the maximum – Gmax, and the minimum 
– Dmin. Beyond the small-strain range, 
the shear modulus decreases and the ma-
terial damping increases with increasing 
shear strain in the nonlinear range. The 
nonlinear dynamic properties of soils are 
very useful in many geotechnical analy-
ses. In particular, they are extremely rel-
evant in the analyses relying on the rig-
orous understanding of the mechanical 
behaviour of cyclically loaded soils, such 
as those affected by earthquakes, waves 
or wind loads (Carraro 2015). The non-
linear stiffness and damping character-
istics impact significantly as well on the 
design of various engineering activities 
undertaken in cohesive soils (Gasparre 
2014). 

For the proper evaluation of the dy-
namic properties of soil resonant column 
tests are widely used in the world (Cas-
cante et al. 2005). The resonant column 
device is capable of determining the dy-
namic properties at shear strain levels 
from very low (γ <10–6) to mid shear 
strain level (γ <10–3). Moreover, the 
shear modulus and the damping ratio are 
measured independently of each other, 
contrary to the principle of causality and 
excessive number of cycles are imposed 

(Khan et al. 2008). The resonant column 
apparatus (RCA) provides more con-
sistent test results than any other device 
(ASTM 2000) and, moreover, its results 
are accurate and reliable. 

The purpose of this study was to ver-
ify what are the nonlinear dynamic prop-
erties of selected cohesive material and 
how they change. The paper contains 
the results of laboratory experiments re-
ceived from resonant column tests car-
ried out on silty clay samples from the 
centre of Warsaw, the capital of Poland. 
The authors tried to evaluate as well the 
influence of certain parameters, such as: 
the shear strain (γ), the mean effective 
stress (p’) and the unloading process, 
on the shear modulus and the material 
damping ratio in the small-strain range 
and the nonlinear strain range.

DYNAMIC PROPERTIES OF SOIL 
– GENERAL INFORMATION

The dynamic properties of soil describe 
how soil behaves under dynamic load-
ing and also under static loading at small 
to moderate strains (Kacar 2014). Most 
studies of the dynamic properties of soil 
in shear cover two, three of four gen-
eralized strain ranges. The three strain 
ranges most often investigated by dy-
namic testing in the laboratory are: (1) 
the small-strain linear range, (2) the non-
linear “elastic” range and (3) the mod-
erately nonlinear range. These strain 
ranges are illustrated in Figure 1. The 
small-strain linear range is represented 
by shear strains at or below the elastic 
threshold strain (γte). In the small-strain 
range, Gmax and Dmin are independent 
of shear strain. The normalized shear 
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modulus (G/Gmax) is equal to 1.0 in this 
strain range. Above γte in the nonlinear 
“elastic” range, G and G/Gmax decrease 
with increasing shear strain, whereas 
D increases with increasing shear strain 
(Fig. 1). The upper bound of the second 
strain range is denoted by the cyclic 
threshold strain (γtc). At strains above 
γtc, the tendency for volume change be-
gins and this effects as well as changes 
in the material skeleton. Above the cy-
clic threshold strain the term “elastic” 
is no longer used due to the permanent 
changes in the granular material. In the 
third strain range, the moderately non-
linear range, dynamic properties of soil 
are changing significantly with shear 
strains. The value of the elastic thresh-
old strain varies with soil type, but γte = 
= 0.001% can be assumed as a represent-
ative value, provided that the soil type is 

unknown and the confining pressure is 
around 1.0 atm.

Many other factors can affect the dy-
namic properties of soil. For example, 
confining pressure, void ratio, geologic 
age, cementation, over-consolidation, 
plastic index, strain rate and number of 
loading cycles may have a significant 
impact on G, D and on the nonlinear dy-
namic properties (Hardin and Drnevich 
1972). The nonlinear dynamic properties 
are usually described by the modulus re-
duction and damping curves, which are 
of importance for the response analysis of 
several dynamic problems especially for 
high strain cases such as strong ground 
motion caused by horizontal force due to 
strong earthquake (Bai 2011). 

The cyclic threshold strain (γtc) and 
the reference strain (γr), where the G/
/Gmax is equal to 0.5, are effective strain 

FIGURE 1. Normalized modulus and damping curves with different zones of cyclic shearing strain 
amplitude for soil (Vucetic 1994)
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levels for comparison of mild (“elastic”) 
and moderate nonlinearity. 

Seed et al. (1986) presented a study 
which showed that sandy soils behave 
more linearly than gravelly soils in the 
mild and moderate nonlinear ranges of 
shear strains. This difference in response 
means that sandy soils have larger values 
of γtc and γr than gravelly soils. Tanaka 
et al. (1978) showed how isotropic con-
fining pressure (σ′0) and gravel content 
influenced the nonlinear behaviour of 
gravelly soil. He stated that both curves 
G/Gmax − log γ and D − log γ move to 
the right direction, towards higher shear 
strains, and γr increases when confining 
pressure increases and gravel content 
decreases. Such behaviour would be 
an indicator of greater linearity. Daren-
deli (2001), by contrast, introduced the 
modified hyperbolic model in order to 
present the nonlinear behaviour of sandy 
and gravelly soils. The normalized shear 
modulus (G/Gmax) equation is as fol-
lows:

max

1

1
a

r

G
G  (1) 

where:
a – curvature coefficient. 

Menq (2003), on the other hand, 
found that another main factor which af-
fects the nonlinear dynamic properties of 
non-cohesive soils is the uniformity co-
efficient (Cu). With increasing Cu, sandy 
and gravelly soils behave more nonlin-
early and the reference strain decreases. 
He proposed as well how to calculate the 
parameters in Darendeli’s modified hy-
perbolic model (Eq. 1):

0.5 0.15
0.6 00.12

uC

r u
'C
Pa

 (2)

00.86 0.1 log 'a
Pa

 (3)

The modified hyperbolic model can 
be apply as well to describe the material 
damping ratio [Wang 2015]. The equa-
tion that can be used to represent each 
hyperbolic curve in the D – log γ rela-
tionship is: 

min ,
1

b

r D

D
D

 (4)

where:
γr, D = D/Dmin = 2;
b – fitting parameter.

It must be remembered that γr, D and b 
are not related to γr and a for the G/Gmax 
– log γ relationship. 

MATERIAL AND METHOD

Resonant column method

In these research, the resonant column 
(RC) testing system was successfully 
employed, as a prime tool to investigate 
the dynamic characterization of soil spec-
imens in the shear strain range of 1.0–5 to 
1.0–2%. The basic principle in performed 
RC testing was to vibrate a cylindrical 
specimen of material in first-mode tor-
sional motion. The authors adapted the 
simplest configuration which involved a 
soil specimen that is free to move in tor-
sional motion at the top and is fixed by a 
rigid base pedestal at the bottom. Sinu-
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soidal torsional excitation was applied to 
the top of the specimen over a range of 
frequencies in a downward, stepped-wise 
sweep. The torsional motion of the top 
of the specimen was then recorded and 
a dynamic response curve was created 
(Fig. 2). The used RC configuration is 
a fixed-free RC test; because the top of 
the specimen was freely vibrating while 
the bottom of the specimen remained 
fixed (remained stationary) (Sas and 
Gabryś 2012, Gabryś et al. 2013, Sas et 
al. 2015a). 

In Figure 3, a photograph of the reso-
nant column device employed by the au-
thors for the experiments discussed here 
is shown. The apparatus is composed of 
four basic subsystems, which are as fol-
lows: (1) a confinement system that ap-
plies confining pressure to the specimen, 
(2) a drive system that is used to apply 
sinusoidal torsional excitation at the top 
of the specimen, (3) a height monitor-
ing system that is used to measure the 
height-change of the specimen during 
confinement, and (4) a motion monitor-
ing system that is used to measure the 
torsional response at the top of the speci-
men. The constructions details of the 

RC Apparatus, as well as the calibration 
methods, are presented in other authors’ 
publications (Gabryś et al. 2013, Gabryś 
2014).

The shear modulus (G) was calculated 
from the frequency response curve. The 
frequency response curve is “bell-like” 
and has a peak at the first-mode resonant 
frequency (Fig. 2b). The relationships 
between the resonant circular frequency 
(ωr) and the shear wave velocity (VS), 
as well as the dependence of the shear 
modulus on e.g. VS in the wave propa-

FIGURE 2. Typical resonant column test signal in (a) time and (b) frequency domain
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FIGURE 3. Exemplary photograph of the reso-
nant column device
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gation theory, which was necessary to 
calculate G, are discussed in (GDS 2010, 
Bai 2011, Gabryś 2014, Wang 2015). 
The material damping ratio (D) was 
obtained from the free-vibration decay 
curve (Fig. 2a), regardless of the mag-
nitude of shear strains. In both, the linear 
and the nonlinear strain range, only this 
one method was used to evaluate D. The 
free-vibration decay curve was received 
by suddenly stopping the current to the 
drive soils during the constant vibration 
at the resonant frequency (Gabryś et al. 
2015, Soból et al. 2015). The damping 
ratio was calculated from the logarith-
mic decrement, as presented in (Sas et 
al. 2015b). 

Testing material

Two soils were tested in this study. They 
were both silty clay (siCl), in accordance 
with Eurocode 7 (EN 1997), collected 
from the neighbourhood of the streets 
Jana Pawła and Grzybowska, test field 

in Śródmieście district, Warsaw (Gabryś 
et al. 2015). The specimens had quite 
similar particle size distribution (Fig. 4),
however they were extracted from dif-
ferent depth, approximately of 6.0 m 
(sample A) and 8.5 m (sample B). Basic 
index properties of the specimens tested 
are shown in Table 1.

Experimental program

Initial specimen setup, saturation and 
consolidation, were conducted according 
to Head (1986). All specimens tested had 
a Skempton’s parameter (B) equal to or 
higher than 0.97. Resonant column test-
ing was conducted in general accordance 
with ASTM D 4015-92 (2000). Details 
about the experimental methods used 
are discussed in details in (Gabryś et al. 
2015, Sas et al. 2015a). 

In this study, typical drained resonant 
column tests at constant confining stress 
were conducted, primarily to assess the 
non-linearity in the shear modulus and 
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the damping ratio with increasing shear 
strain. Solid cylindrical specimens, with 
nominal diameter and height equal to 70 
and 140 mm, respectively, were subject-
ed to various isotropic mean effective 
stress (p’ ). For sample A, p’ amounted 
to 30, 120, 180, 240, 360 and 410 kPa, 
whereas for sample B, proportionately, 
85, 170, 225 and 310 kPa. Resonant fre-
quencies ranged from 45.5 Hz for small 
strain measurements at 30 kPa effective 
stress to 142.1 Hz for large strain meas-
urement at 410 kPa – sample A. In the 
case of sample B, resonant frequencies 
ranged from 82.8 Hz for small strain 
measurements at 85 Pa effective stress to 
135.4 Hz for large strain measurement at 
310 kPa. 

Both, the low-amplitude resonant 
column (hereinafter referred to RC-LA) 
tests, shearing strains below 0.001%, 
and the high-amplitude resonant column 
(RC-HA) tests, γ >0.001%, were per-
formed to evaluate the dynamic proper-
ties of the silty clay samples. The test 
procedure was divided into four parts, 
(1) the loading RC-LA tests, (2) the 
loading RC-HA tests, (3) the unloading 
RC-LA tests and (4) the unloading RC-
-HA tests. The confining pressures were 
increased in steps and at each pressure, 

first, the loading and, next, the unloading 
tests were carried out. The RC-LA tests 
were performed in order to receive the 
small-strain dynamic properties of the 
tested material, whereas the RC-HA tests 
were performed to investigate the non-
linear behaviour of the specimens. The 
RC-HA test began immediately after the 
RC-LA test to minimize time effects on 
the dynamic properties. For the RC-LA 
tests the range of the output amplitude, 
indicated here as A, was as follows: 
0.001−0.01 V, while for the RC-HA tests 
A was bigger than 0.01V. The RC-HA 
tests were finished when the output am-
plitude was equal to 0.6 V. The results 
from the experimental program are pre-
sented and discussed next.

RESULTS

Small-strain dynamic properties

The variations in the small-strain shear 
modulus (Gmax) and the small-strain 
material damping (Dmin) with mean ef-
fective stress (p’) from RC testing of 
sample A and B are presented in Ta-
ble 2. Moreover, the small-strain dynam-
ic properties of sample A obtained during 
unloading process are listed here as well. 

TABLE 1. Index properties and parameters of specimens tested

Explanations: w is the water content, wP the plastic limit, wL the liquid limit, IP the plastic index, IL the 
liquidity index, IC the consistency index and ρ is the mass density.

Parameter Unit Sample A Sample B 
value value

w % 17.52 16.55
wP % 17.14 19.49
wL % 33.00 44.30
IP % 15.86 24.81
IL (-) 0.02 – 0.12
IC (-) 0.98 1.12
ρ kg/m3 2 140 2 030
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These properties of silty clay soils were 
measured during low-amplitude RC test-
ing, as indicated in Table 2 by the strain 
values γ. 

Small-strain shear modulus of ana-
lyzed soils increase with increasing p′, 
just as shown in numerous previous stud-
ies. For sample A, the biggest increase of 
Gmax, i.e. around 50%, is noted for the 
second effective pressure (p′ = 120 kPa), 
while the smallest increase, i.e. around 
12%, for the highest (p′ = 410 kPa). Ini-
tially, a big difference between the applied 
pressures (90 kPa) gives a large change 
in the value of Gmax, then when this dif-
ference is constant (60 kPa), the changes 
in Gmax are close to each other and are 
approximately 15–20%. For sample B, 
about 36% increase in the value of Gmax 
is observed for the first mean effective 
stress increase. Further changes of Gmax 
amount approximately 15–20%. From 
the results of Dmin, it can be concluded 
that Dmin decreases with increasing p′, 
although, for sample A, this decline is of 
the order of 3–5% and, for sample B, of 
the order of 11–13%. 

From the analysis of the unloading 
results, the decrease of Gmax and simul-
taneous increase of Dmin it is observed. 
The reduction in values of Gmax ranges 
from 6 to 19% with the decrease of p′. 
The increase in values of Dmin, however, 
amounts from 4 to 9% with the decrease 
of p′.

Nonlinear dynamic properties – shear 
modulus

The high-amplitude resonant column 
(RC) tests were performed in order to 
obtain the dynamic properties of the silty 
clay specimens in the nonlinear shear 
strain range. These tests were conducted 
at various mean effective stresses (p’) 
listed in Figures 5 and 6. In the above-
-mentioned figures variations of the 
shear modulus (G) with the shear strain 
(γ) are presented. Moreover, they show 
the results from both, the RC-LA tests, 
when G is constant and strain independ-
ent, and the RC-HA tests, while strong 
non-linearity and dependence on strain 
level is evident. 

30 4.24E-06 46.27 7.20E-06 1.21

120 2.28E-06 89.50 5.73E-06 1.15 360 9.08E-06 189.68 2.17E-06 0.96

180 4.64E-06 118.98 4.64E-06 1.10 300 2.28E-06 177.15 3.36E-06 1.00

240 5.33E-06 140.72 2.77E-06 1.07 240 6.98E-06 160.52 3.60E-06 1.07

360 2.25E-06 171.94 2.25E-06 1.00 180 5.40E-06 143.06 4.17E-06 0.99

410 3.01E-06 195.69 2.05E-06 0.97 120 6.31E-06 115.56 4.88E-06 1.08

85 2.57E-05 71.04 7.91E-05 1.70

170 1.41E-05 110.30 7.10E-05 1.52

255 1.14E-05 129.85 2.15E-05 1.44

310 9.68E-06 162.24 2.56E-05 1.27
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γ [-]

Gmax [MPa] D min G]%[ max [MPa] D min [%]
shearing 

strain,      
γ [-]

Loading

, ,

TABLE 2. Comparative summary of RC small strain tests results of sample A and B
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It can be seen that for analyzed soils, 
at the same shearing strain level, the 
shear modulus increases with increasing 
effective pressure. The distance in G un-
der various p’ decreases with increasing 
shearing strain amplitude, which implies 
that the shearing strain amplitude may 
eliminate the influence of the mean ef-
fective stress on the shear modulus at 
very high strain level.

It should be noted that during un-
loading process the higher values of 
soil stiffness are received (Fig. 5b). The 
stiffness degradation curves take there-
fore the higher positions in comparison 
to the same curves but obtained while 
loading stage. The differences between 
Gunloading and Gloading varies in the range 

from 10 up to 30% for the stress from 
120 to 360 kPa, wherein the higher dif-
ference value (ΔG ≅ 30%) corresponds to 
p’ = 120 kPa. 

To eliminate the effect of Gmax on the 
nonlinear shear modulus behaviour, the 
variations in the normalized shear modu-
lus (G/Gmax) with the shear strain (γ) 
from RC testing of specimen A and B are 
presented in Figure 7. It can be seen that 
both samples have the same values of G/
/Gmax (1.0) when the shear strain is in the 
linear small-strain range. When the nor-
malized shear modulus begins to exhibit 
the nonlinearity, this strain is taken as 
the elastic threshold strain (γte). Value of 
γte was defined as the strain at which the 
ratio of the modulus to maximum modu-

FIGURE 5. Shear modulus versus shear strain for sample A during (a) loading and (b) unloading 
process
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lus is 0.99 by Vucetic (1994). The aver-
age elastic threshold strain for sample A 
is 2.86E-05 and for sample B − 3.56E-04. 
Sample B, taken from the greater depth 
(8.5 m), has higher value of γte than sam-
ple A, collected from 6.0 m, which also 
corresponds to the higher values of G/
/Gmax. From Figure 7, it can be observed 
that for sample B the linear elastic range 
is bigger than for sample A. This finding 
suggests that sample B is characterized by 
greater stiffness in relation to sample A. 

For the purpose of practical applica-
tion, Hardin and Drnevich (1972) sug-
gested 2.5E-05 as the elastic threshold 
strain to determine Gmax. Some research-
ers (Hardin and Richart 1963, Isenhower 
and Stokoe 1981, Shen et al. 1985, Qian 
et al. 1993) has reported that when the 
shearing strain amplitude is less than 
1.0E-05, shearing strain influence on 
the shear modulus of various soils is 
negligible. For these studies, it is seen 
that the reduction of Gmax is less than 
1% for γte of slightly greater value than 
these above-mentioned. Nevertheless, 
the small-strain shear modulus of tested 
soils should be determined at the shear 
strain below 1.0E-05 to avoid e.g. appre-
ciable change in soil structure. 

FIGURE 6. Shear modulus versus shear strain for sample B during loading process
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microstructure of soil changes irrevers-
ibly; soil stiffness changes permanently; 
a permanent pore-water pressure builds 
up in fully saturated cyclically shear 
loading in drained conditions, and for 
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saturated soils with drainage allowed, 
a permanent volume change accumu-
lates (Bai 2011). Vucetic (1994) deter-
mined the value of γtc at which the ratio 
of the modulus to maximum modulus is 
proximately 0.65. Therefore, for the ana-
lyzed soils, the average cyclic threshold 
strain is 2.80E-04 (sample A) and 3.86E-
03 (sample B). In terms of the average 
values of the reference shear strain (γr), 
defined earlier in this work, for sample A 
it amounts 4.26E-04. For sample B, γr is 
out of the range of testing strain. 

In order to calculate the normalized 
shear modulus (G/Gmax) of analyzed 
soils, the authors employed the earlier 
suggested modified hyperbolic equation 
(Eq. 1) – originally proposed by Daren-
deli (2001). The fittings parameters of 
this model are the reference strain (γr), 
which was adopted here as γr = 4.26E-04,
and a curvature coefficient (a), which 

0

20

40

60

80

100

120

140

160

180

200

1,00E-06 1,00E-05 1,00E-04 1,00E-03 1,00E-0

sh
ea

r m
od

ul
us

, G
 [M

Pa
]

shear strain, γ [-]

85 kPa 170 kPa 255 kPa 310 kPa

1.00E-06                  1.00E-05 1.00E-04                     1.00E-03                1.00E-02



Nonlinear dynamic properties of silty clay from Warsaw area     211

was predicted using Menq (2003) propo-
sition (Eq. 3) and also determined based 
on the RC tests using the errors analysis. 
Comparison of G/Gmax − log γ relation-
ships between the RC tests and Menq’s 
predictions for sample A are presented in 
Table 3.

Due to the small difference between 
the value of a, the authors assumed its 
independence from the p’ variable and 
calculated its average value. 

Comparing the RC tests results with 
Menq’s prediction results, the first one 
are better than the second. The applica-
tion of determined curvative parameter 
(a) based on the RC tests allows the better 

matching of the hyperbolic model to the 
measured values of G/Gmax. It gives as 
well 10% lower value of standard devia-
tion (SD) and approximately five times 
lower values of the average relative er-
ror (ARE) and the root mean square er-
ror (RMSE). Thus, it is clear that Menq’s 
proposal for use in the modified hyper-
bolic model suggested by Darendeli is 
not suitable for the tested soil. This con-
clusion is reflected in Figure 8. 

Values of G/Gmax calculated using 
Eq. 1, applying the fitting parameter (a) 
summarized in Table 3, are comapred 
with measured values in Figure 8. In Fig-
ure 8a, the plotted data points distribute 
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quite evenly about the “measured-cal-
culated” line, with very high calculated 
determination coefficient r2 = 0.9861. 
In Figure 8b, however, greater scatter 
of data points is noticable, with 10% 
smaller r2. When interpreating the first 
value of r2, one point must be keep in 
mind, which is that the most of G/Gmax 
data are concentrated around 0.8–1.0, 
where error is inherently small, because 
of the normalization process. As a conse-
quence, the r2 value may not completely 
reflect the goodness-of-fit of the model 
used at lower values of G/Gmax.

Nonlinear dynamic properties 
– damping ratio

The nonlinear material damping ratios 
(D) of silty clay soils were also meas-
ured during the RC-HA tests. These tests 

TABLE 3. Fitting parameter a for Eq. 1 under various mean effective stress from RC tests and Menq’s 
proposal with the errors analysis
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A

30 1.114 0.991 0.160 3.22 2.77 0.808 0.980 0.153 5.76 5.61

120 1.464 0.994 0.150 1.09 1.23 0.868 0.953 0.151 6.47 6.74

180 1.618 0.998 0.075 0.34 0.47 0.886 0.893 0.108 7.56 8.11

240 1.707 0.998 0.109 0.47 0.67 0.898 0.901 0.132 8.10 8.57

360 1.705 0.999 0.111 1.06 1.44 0.916 0.897 0.135 8.17 8.88

410 1.911 0.997 0.098 0.75 1.29 0.921 0.893 0.132 8.55 9.51

Average

× 1.592 0.986 0.124 1.16 1.31 0.883 0.883 0.137 7.43 7.90

were performed in conjunction with the 
nonlinear shear modulus measurements 
after the RC-LA tests. The variations in 
D with the shear strain (γ) during load-
ing and unloading process are shown in 
Figures 9 and 10. It can be seen that D 
for both tested samples increases with 
increasing γ. All material damping rela-
tionships fall in a narrow zone, with little 
spread shown in the D – log γ relation-
ships, especially for strain not exceeding 
1.00E-04. The rate of increase decreases 
with the confining pressure or the mean 
effective stress. Testing scatter decreases 
with increasing p’, this is contributed to 
better coupling between the tested sam-
ple and the top cap under higher pres-
sure.

As illustrated in Figures 9 and 10, the 
authors received different highest values 
of the damping ratio; for sample A the 
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biggest D = 8.22% when p′ = 30 kPa,
while for sample B the biggest D = 4.78%
when p′ = 310 kPa. Moreover, the damp-
ing curves shift to a right lower position 
with increasing mean effective stress, 
which, in most cases means, the lower 
mean effective stress the higher damp-
ing ratio when shearing strain ampli-
tude remains the same. For γ = 1.00E-
-04, for instance, the following D were 
obtained: D = 2.65% for p′ = 30 kPa, 
D = 1.82% for p’ = 180 kPa, D = 1.61% 
for p′ = 410 kPa (data apply to sample 
A). Also, D increases on average 36.5% 
(sample A) and 88.3% (sample B) over 
the range in γ in the high-amplitude RC 
tests. 

With respect to the unloading proc-
ess, it is observed in Figure 9b that the 
D values are lower compared to these 
from loading stage. The differences be-
tween Dloading and Dunloading varies in the 
range from 3 up to 9% for the stress from 
120 to 360 kPa, whereas the higher dif-
ference value (ΔG ≅ 9%) corresponds to 
p’=180 and 240 kPa.

Figure 11, on the other hand, indi-
cates the variation of the normalized 
damping ratio (D/Dmin) with the shear 
strain of both analyzed samples. Simi-
larly to the normalized shear modulus, 
the average value of the reference shear 
strain (γr,D) was found. For sample A it 

r² = 0.9861
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amounts 1.46E-04, when for sample B 
γr,D is equal to 2.23E-03. 

One approach to modelling D is re-
lating it to the reference shear strain, in 
accordance with the previously proposed 
hyperbolic model (Eq. 4). For each sam-
ple, as well as for each mean effective 
stress, D – log γ relationship has been 
best-fit with Eq. 4 using the root-mean 
square error method. The resulting best-
fit values of the parameter b, together 
with the results of the errors analysis are 
presented in Table 4.

As summarized in Table 4, the aver-
age values of b of both tested specimens 
are comparable. There is a big difference 
in the value of r2 for the best-fits to deter-
mine b. r2 obtained for sample B shows 

99% adaption of the model to the ana-
lyzed data. For sample A, around 21% of 
differentiation in D/Dmin is not explained 
by the hyperbolic model. In terms of the 
average relative error (ARE) and the root 
mean square error (RMSE), it can be ob-
served that for sample B the errors are 
about 3 (ARE) and 6 times (RMSE) less 
than for sample A. Therefore, the pro-
posed hyperbolic model seems to be in a 
good agreement with the tests results of 
sample B, but do not satisfactory repre-
sents the behaviour of sample A. 

In order to observe and compare the 
normalized damping ratio (D/Dmin), de-
rived experimentally in the RCA and 
analytically using Eq. 4 of each speci-
men, Figure 12 was prepared. For sam-

FIGURE 11. Variations of the normalized damping ratio with the shearing strain for sample (a) A and (b) B
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ple A (Fig. 12a), more scatter points are 
clearly visible, which confirms the r2 
value showing only a satisfactory match 
of the model. In the case of sample B 
(Fig. 12b), however, the plotted data 
distribute equally about the “measured-
calculated” line. Similarly, as for the 
normalized shear modulus (G/Gmax), the 
damping points are more concentrated 
between certain values (1÷2% sample A, 
1÷1.5% sample B), and this suggests that 
even high r2 may not reflects the good-
ness-of-fit of the recommended equation 
at higher values of D.

CONCLUSIONS

In this paper the low-amplitude and high-
-amplitude resonant column tests were 
performed in order to study the small-
-strain and the nonlinear dynamic proper-
ties of silty clay soils collected from the 
centre of Warsaw, district Śródmieście. 
The impact of factors, like the mean ef-

fective stress (p’), the shear strain (γ) and 
the unloading process, on the dynamic 
properties of these cohesive soils were 
recognized on two exemplary samples, 
A and B. The authors implemented here 
the well-known modified hyperbolic 
model for the analysis of the G/Gmax 
– log γ and D/Dmin – log γ curves. They 
presented as well the comparison of the 
RC test results and Menq’s prediction 
to show rather inconsistency of using 
Menq’s equation for the analyzed speci-
mens. 

From the data described in this pa-
per, the following conclusions may be 
drawn:

The dependence of the small-strain 
dynamic properties on the mean ef-
fective stress was well documented 
in this study. Growth of the small-
strain shear modulus (Gmax), around 
15–20% for both samples, and loss of 
the small-strain damping ratio (Dmin), 
about 3–5% for sample A and 11–
–13% for sample B, due to the in-

1.

TABLE 4. Fitting parameter b for Eq. 4 under various mean effective stress from RC tests with the 
errors analysis

30 1.690 0.970 2.032 13.27 90.80

120 0.723 0.976 0.623 10.25 65.77

180 1.263 0.991 0.724 2.81 12.46

240 1.385 0.995 0.831 3.58 10.79

360 0.813 0.920 0.561 9.09 41.94

410 1.594 0.994 0.926 4.34 7.83
Average 1.245 0.785 0.950 7.22 38.26

85 1.106 0.978 0.195 2.34 3.95

170 1.299 0.992 0.217 1.60 2.74

255 0.960 0.984 0.201 1.84 2.77

310 0.974 0.990 0.699 4.91 16.57

Average 1.085 0.987 0.328 2.67 6.51

B

A

Modified Hyperbolic Relationship  D/Dmin=1+ (γγ/ γ r,D ) b

Sample

Mean 
effective 
stress, p' 

[kPa]

from RC tests

curvature 
parameter, b

determination 
coefficient r 2

standard deviation, SD average relative 
error, ARE [%]

root mean square 
error, RMSE  [%]
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crease in the effective stress were 
clearly observed, as seen in Table 
2. The unloading caused a smaller 
growth in Gmax with the decrease of 
p’, which amounted from 4 to 9% 
with the decrease of p’.
Loss of the shear modulus (G) due to 
the increase in the applied shear strain 
was illustrated in the paper too. The 
shearing strain amplitude may have 
eliminated the influence of the mean 
effective stress on the shear modulus 
at very high strain level which proves 
the smaller distance in G under vari-
ous p’. The G values from the unload-
ing stage were from 10 up to 30% 

2.

greater than those from the loading 
process.
The average elastic threshold strain 
(γte) for sample A was 2.86E-05 and 
for sample B − 3.56E-04. Moreover, 
as noted earlier in this paper, for sam-
ple B the linear elastic range is bigger 
than for sample A, which may have 
indicated greater stiffness of sam-
ple B. The average cyclic threshold 
strain (γtc) were found as well and 
amounted 2.80E-04 (sample A) and 
3.86E-03 (sample B). The average 
value of the reference shear strain (γr) 
was obtained only for sample A, in 
the amount of 4.26E-04.

3.

r² = 0.7848
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Hyperbolic model, modified from 
Darendeli (2001), was successfully 
used in this paper in order to study 
the nonlinear shear modulus behav-
iour of silty clay soils. Compared to 
the RC tests, Menq’s equations gave 
worse results for predicting the non-
linear shear modulus behaviour. This 
conclusion is reflected in Figure 8.
The material damping of both tested 
soils increased with increasing γ. For 
sample A, D increased by an average 
of 36.5%, whereas for sample B of 
88.3%, over the range in γ in the high-
amplitude RC tests. The rate of this 
increase decreased with the mean ef-
fective stress. Furthermore, it was ob-
served that the lower mean effective 
stress the higher damping ratio when 
shearing strain amplitude remained 
the same. The unloading caused 
a smaller growth in D with increasing 
shear strain, which was in the range 
from 3 to 9% (Figs 9, 10).
The average value of the reference 
shear strain (γr,D), in respect to the 
material damping ratio, was found 
too. For sample A it amounted 1.46E-
-04, when for sample B γr,D was equal 
to 2.23E-03.
Similarly as for the nonlinear shear 
modulus, Darendeli’s modified hy-
perbolic model was applied again to 
study the nonlinear material damping 
ratio behaviour of silty clay soils. The 
proposed hyperbolic model seemed 
to be in a good agreement with the 
tests results of sample B, but did not 
satisfactory represent the behaviour 
of sample A. A great scattering of 
points, as see in Figure 12, confirmed 
this observation.  

4.

5.

6.

7.

To summarize, the authors would like 
to emphasize that obtained dependences 
of e.g. the shear modulus values on the 
strain values, analyzed here from the 
point of view of dynamic loading, should 
not be limited only to the dynamic prob-
lems. Although, they did not examine 
the soil behaviour under static loading, 
it seems that the similar characteristics 
can be obtained by static loading, for 
the same strain range (Georgiannou i in. 
1991, Jastrzębska 2010).
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Streszczenie: Nieliniowe dynamiczne właściwo-
ści iłu pylastego z okolic Warszawy. W niniej-
szej pracy, zaprezentowano dynamiczne właści-
wości próbek iłu pylastego w zakresie małych 
i średnich odkształceń, otrzymane na podstawie 
dwóch rodzajów badań w kolumnie rezonansowej 
(KR), tj. o niskiej i wysokiej amplitudzie drgań, 
przy różnych wartościach średniego naprężenia 
efektywnego (p’). Badane próbki pochodziły 
z centrum miasta Warszawy, z dzielnicy Śródmie-

ście. Jako pierwsze badania, przeprowadzono te 
o niskiej amplitudzie drgań (odkształcenie poni-
żej 0,001%), a następnie badania o wysokiej am-
plitudzie drgań, przy odkształceniach większych 
niż 0,001%. Głównym celem wykonanych badań 
było uzyskanie nieliniowej charakterystyki dyna-
micznych właściwości iłu pylastego. Oprócz tego, 
podczas badań o niskiej amplitudzie drgań, otrzy-
mano informacje dotyczące wskaźnika tłumie-
nia analizowanych próbek. Wyniki pokazują, że 
wzrost odkształcenia postaciowego (γ) powyżej 
granicy sprężystości (γte) powoduje zmniejszenie 
wartości modułu ścinania (G) i znormalizowane-
go modułu ścinania (G/Gmax) oraz równoczesny 
wzrost wartości wskaźnika tłumienia (D) i znor-
malizowanego wskaźnika tłumienia (D/Dmin). 
W pracy przedstawiono również pewne równania 
empiryczne służące oszacowaniu znormalizo-
wanego modułu ścinania i wskaźnika tłumienia 
iłu pylastego. Prezentowane równania bazują na 
zmodyfikowanym modelu hiperbolicznym, jak 
również analizie statystycznej wyników pomia-
rów z kolumny rezonansowej. W artykule omó-
wiono także wpływ procesu odciążania na dyna-
miczne właściwości badanego materiału. 
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