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Summary. Coefficient obtained sufficient
conditions for the existence and iterative
algorithm of solutions of weakly nonlinear
boundary value problems for ordinary
differential equations with impulse action in
general, when the number of boundary
conditions does not coincide with the order of
the differential system.
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RESULTS AND DISCUSSIONS

1. Linear boundary value problem. Before
we begin our exploration, we should find the
criterion of existence and structure of general
solution of linear inhomogeneous boundary
value problem for systems of ordinary
differential boundary value equations with pulse
action in fixed times:

z=A)z+ p(t), t#71; Azt =
= SiZ(Ti - 0) + a;, (1)
lz=a, ttela,b] (2)

Following next guessworks and denotations
from [1], [2]: A(t) and @(t) — (n X n)-array
and (n X 1)-vector functions, the components
of which belongs C([a,b]\{r;};) space of
succession and piecewise continuous on the
[a,b]/{z;}; function with breaks first order on
the t, when t=71; S;— (nXn)- constant
matrix, such that [E + §;] - nonsingular, a; — n-
vector-column of constants:
a;eR"; —0o <a <7 <...<7;<...<T7, <

b<+oco, i=1,..,p; l=col(ly,...l,,) -
bounded linear m-vector-functional, «a =
col(ay, ..., ty)ER™. Denote by X(t) normal
(X(a) =E) fundamental matrix, which

corresponds to the (1) homogeneous (¢(t) = 0,
a; = 0) system with impulse action, and in the

capacity of Green’s matrix K(t,t) Cauchy
problem for this system we take the next:

(XX '), if 0<ST<t<T,

K(t‘r)_{o, ifo<t<t<t. &

Let Q = LX(*) - (m X n)-array, obtained by
substituting the boundary conditions X (t), Q% -
single pseudouniverse of it (n X m)-matrix.
Denote by Py(n X m)-matrix (orthoprojector
P§ = Py = P;), projecting R™ on the null-space
N(Q) of matrix Q: Py:R™ - N(Q); similarly
Po+ — (m X m)-matrix: R™ — N(Q"). Next,
denote by Py (n X r)-matrix, columns of which
r-linearly independent columns of matrix
Po(r =n—mny, n; = rank Q); Pg: —(d X
m)-matrix, rows of which - d linearly
independent rows of matrix Py+(d =m —
ny); X,(6) = X(DP,.

The next theorem is value.

Theorem 1. If linear inhomogeneous
boundary value problem (1), (2) with pulse
action is satisfies the conditions indicated above
and rank Q = n,; < min(n,m). Then, similary
(1), (2) homogeneous (¢(t) =0, a; =0,a =
0) boundary value problem has r = n — n; and
only r independent decisions. Inhomogeneous
boundary value problem (1), (2) solvable for
those and only those ¢@(t)eC([a, b]\{7;})),
a;eR™, aeR™, which satisfies the condition

b
Py {a —1[) K(,Do(0) dT —
—LS0 kG, + 0)ar} =0 “)
and has r-parametric family of solutions
Zo(t,c,) on the C7([a,b]\{t;};) space of
piecewise continuously differentiable vector-

functions, which has discontinuities of the first
kind on the t, when t = 1;

z0(t,6) = X, (0, + (63 ]) © +
+X(t)Q*a, (35)
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Where (G [:D (t) — generalized Green’s

function of boundary value problem (1), (2),
which has the form

[k (G [Z’l]) = (2K ) *d~
~X(©Q*1 [ K1)+ dr]

[K Z?:l K(t, Tiyo) * —
IGTAT VPP | LS2) PURRC)

+0) *
2. Weakly nonlinear boundary value

problem. Consider the boundary value problem
z=At)z+ @(t) + €Z(z,t,¢),

t # 1;€la, b],
Azjp—r, = Siz(7; — 0) + a; + el (2(z; —
—0,¢€)e), (7)

lz=a+¢el(z(¢e),¢),i=1,..,P.

Find the conditions of existence, and an
algorithm for constructing solution z,(t, €):

Z('! 8)6C1 ([a, b] \{Ti}l)! Z(t!')EC [0' 80] of
problem (7), turns when € = 0 to the generating
solution zy(t,c,) (5) of generation boundary
value problem (1), (2) obtained from (7) when
€ =0. We assume that the conditions of
theorem is following. Furthermore, nonlinear n-
vector function Z(z, t, €) is that, then

Z(t, 8)6C1[||Z —zol| < q],

Z(z;,€)eC([a, b]\{t:}1), Z(2,t,)€C[0, &];

I;(z(t; — 0,¢),¢), 1(z(-,€),€) - nonlinear
n- and m-vector functionals in the first
argument z  continuously  differentiable
(according to Frechet), and as the vector-
functions of second argument permanently on
the €€[0, &].

A necessary condition for the existence of
the desired solution of the boundary value
problem (7) is the following in the next.

Theorem 2. If weakly nonlinear boundary
value problem (7) with pulse action in fixed
times has solution z(t,&):z(:,e)eCt([a, b]\
{t;})), z(t,)eC[0, &y] turns when &€ = 0 to the
one of solutions z, = z,(t, c,), generating for
(7) boundary value problem (1), (2) with the
constant ¢, = ¢;€R"(r=n—rankQ =n —
n,). Then, the vector costant c, satisfies the
equation

F(Cr) = PQ;{I(ZO(IICT)' O) -

b
—1 f K(,1)Z(zy(1,cp),1,0)dT

T —
LS KT+ Oz (L o ), 03 =0(®)
will be called the equation for generating
amplitudes boundary value problem (7) with
impulse action.

Find sufficient conditions for the existence
of the desired solution of the boundary value
problem (7). After using in (7) the change of
variables z(t, ) = z,(t, ¢;) + x(t, €), we obtain
the problem of finding solutions

.X'(t, 8): .X'(', S)ECl([a! b]\{‘[i}l):
x(t,)eC|0, &], x(t,0) = 0 of boundary value
problem

X =At)x + eZ(zy(t, c;) +
+x(t,€),t, &) t +1,

Ax|p—r; = Six(T; — 0) + &l (zo(7; —

—0,¢;) + x(1; — 0,¢)¢), 9
lz=¢el(zy(:cr) + x(,€),¢€).

Taking into account conditions on the
nonlinearity, we have the following expansion
in the vicinity x = 0, € = 0:

Z(zyg+ x,t, &) = Z(2y,t,0) + A, (t)x +

+R(x,t,¢),
0Z(z,t,0)
A(t) = ——— ,
0z |z=z(t,cH)
dR(0,t,0)
R(0,t,0) = 0,————~ = 0;
0x

I;(zo(t; — 0,¢c7) + x(7; — 0,¢),¢) =
= I;(zo(t; — 0,¢;),0) +
+A;;x(t; —0,¢) +
+R;(x(1; — 0,¢),¢),

A,,(6) = d1(z,0)
" 0Z  |z=zo(t;-0c})
9R;(0,0)
R(0,0) - 0; ax )

I(zo(,cr) +x(, ), €) =
= I(ZO('J C:), 0) + 11X(', 8)
+ Ro(.X'(', 8)1 8),
lix(-,€) - the linear part of the vector
functional
1(z0(,¢7) +x(,€),8); R(0,0) =
dR(0,0)
=0, o = 0
Considering the non-linearity in (9) formally
as heterogeneity and applying to (9) theorem 1
for solution x(t,e) of weakly nonlinear
boundary value problem (9) get the
x(t,e) = X, (O)c+ xD(t, €. (10)
where the unknown constant vector ¢ =
= c(€)eR" determined by the condition (4) of
the existence of solution of weakly nonlinear
boundary value problem (9)
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. b

Pos{1(zo(c) +x(,e),8) — L [T K(:
,T)Z(zy(1,¢) + x(1,€),7,8)dT —

—IX KCti 4+ 0) Ii(2o(t; — 0,¢7) +
+x(1; —0,¢),6)} =0, (11)
and the unknown vector function xM(t,¢) via
generalized Green’s function (G [ID () is

xM(t,e) = eX()Q (2o (,cy) +
x(:,€),€) +

(G [Z(ZO(T: cr) +x(1,6),7,€

Li(zo(o ) + (), € )@

Considering that the vector constant c,eR"
need to satisfy the equation for generating
amplitudes of the boundary value problem (7),
taking into account the expansion of non-
linearities in order to find solutions of the
boundary value problem (7) we obtain the
following equivalent operator system:

x(t, ) = X, ()c + xD (¢, ¢),
Boc = —PQé{llx(l)(-, €) + Ry(x(-,€),¢€) —

—1¥P K(,ty+0) [Ax®(r; — 0,€) +
+Ri(x(‘[i -0, 8)' 8)]}' (13)

x®(t,8) = eX(OQ (20, ¢), 0) + +1 (X, (Ve +xD(,8) ) + Ro(x (- ), )]+

+

where By = Py, {ler(-) —1 f; K(
DA (DX (DdT =LY KC1 +

0)Ay; X, (1= 0)} -
(d Xr)-matrix (r=n—n,d=m-—nq, n; =
= rank Q).

Denote by Pg, (r X r)-matrix
(orthoprojector), which projecting R" on the
N (Bo),
and by Pgs (d X d)-matrix, which projecting
R? on the N (Bg). Then, when

Pg, =0, PpPo; =0 (14)
the second equation of the system operator (13)
is uniquely solvable for c:

¢ = —B§ Pg, {Lix V() + Ro(x(, £), &) —

—L[T KGO, @x D (1, €) +
+R(x(t,€),7,8)]dt — L Y0 K(, 7 +
+0)[Ay; ¥V (z; — 0,8) +} Ry(x(z; — 0,8), &)1},
Bg -(r x d)-pseudouniverse.
As a result, the obtained solutions for the

redundant system operator apply the method of
simple iterations. Thus, the following theorem.

L (%O + 2V, ©) + Ro(xe (- 2), &)1+
+

The boundary value problem (7) in this case
has only been accessed by €=0 to the
generating z,(t, c;) (5) solution z(t,")eC|0, &,]
which is determined by an iterative process (15)
and of  formula  z.(t &) = zy(t, cy) +
x,(t,e), k=012, ..

Z(zy(1,¢r),7,0) + A (7) (Xr(‘r)c + xW(, s)) + R(x,T,¢€)
I;(zo(7; — 0,¢7),0) + Ay (Xr(Ti —0)c+x®(z; -0, 8)) + Ri(x(7; — 0),¢)

(©,

Theorem 3. Suppose boundary value
problem (9) satisfies the above conditions, so
that rankQ =n; and generating the
corresponding boundary value problem (1), (2)
subject to (4) (d = m —n,), and only when it
has  r-parametrical family (r=n-ny)
generating solutions z(t, c¢,) (5). Then for every
vector values ¢, = creR", satisfying the
equation (8) for generating amplitudes, under
the condition (14) the boundary value problem
(9) has a unique solution x(t, €): x(t,")eC]0, &]
turn to zero when & = 0. This solution can be
determined by converging on the [0, €,] iterative
process

Ck = _B(-)'-PQ:i{llx(l)(i S) + RO(xk('J E), E) -
~L[7KC 0 [4,@xD (7€) +
R(x(r,&),7,8)]|dt — LY} K(C,7; +
0) [Arx” (zi = 0,) + Ry (i = 0,€), £)]},
(15)
xih (6:€) = eX(DQ*[1(z(, ), 0) +

k+1

Z(zo(x,¢1),7,0) + A1 (1) (X, (e + %0 (1,8)) + R(xi, 7, )
1i(zo(t; = 0,¢),0) + Ay (X, (r; = 0)ci + 6 (7 = 0,) ) + Ry (x; — 0), )

Note that in the case of boundary value
problems of the Fredgolm's type m =n if
Pg, =0, then Pp: = 0, and so PpzPy: =0 in
(14) is automatically value.
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CONCLUSIONS

Built equation for generating amplitudes of
weakly nonlinear boundary value problems with
pulse action that determines the amplitude of the
generating solutions to the desired and gives a
necessary condition of its existence.
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CJIABOHEJIMHEMHBIE KPAEBBIE
3AJIAUYM JJIS1 CACTEM
TN ®DPEPEHIIAAIBHBIX YPABHEHMIA
C UMITYJIbCHBIM BO3JENCTBUEM

Annoramusi. KodddunmeHTsl MmoaydeHbl C
JOCTATOYHBIX YCIOBHH JUISI CYIISCTBOBAHUS H
UTEPALlMOHHOTO aNrOpUTMa peIIeHUs dYepes
cnabo  HENMHEWHW  KpaeBW  3agadd  JUIs
O0OBIKHOBEHHBIX muddepeHITaTbHBIX
YPaBHEHUH C MMITYJIbCHBIM BO3JCHCTBUEM B
o0mieM ciydae, KOrjga YHCIO TPaHUYHBIX
YCIIOBUM  HE  COBIAJAET C  IOPSIAKOM
mudepeHIIMaTBEHOTO CHCTEMBI.

KiroueBble  cjoBa:  JIUMHEHHBIM  KpaeBbIN
3amaun, Matpuna ['puHa, cmabo HelMHEWHbIE
KpaeBble 3a/1ayd, BEKTOP-QYHKIIHS, BEKTOP-
¢byHKIIMOHATBHBL, 3aqaua Korm.
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