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Summary
Subject and purpose of work: The work concerns coefficients of asymmetry As and y the values of
which are marked based on coefficients obtained from the sample and serve the description of em-
pirical distributions. These coefficients inform of the strength and direction of asymmetry of distribu-
tion. The direction is ruled by the sign of coefficient while the strength-by its absolute value. Since for
certain empirical distributions these coefficients have different signs an attemt was made to define
the conditions in which such a situation may occur.
Materials and methods: Within the conducted research different examples of empirical distribu-
tions were considered and simulation methods were applied to establish the condition for occurrence
of various signs, including coefficients. This condition is based on the location of arithmetical mean of
observation in terms of the range <D,Z>, where D is a dominant of data set and Z is a certain volume
also indicated on the basis of the same set of observations.
Results: As a result of conducted research it was agreed that both analysed coefficients of asymmetry
have the same signs where arithmetical mean X is located inside the range and different when it X is
located outside this range.
Conclusions: Within the specific research of the selected feature one should calculate only one of
these coefficients.

Keywords: empirical distributions, coefficients of asymmetry As and v, signs of coefficients

Streszczenie
Przedmiot i cel pracy: Praca dotyczy wspétczynnikow asymetrii As iy, ktérych wartosci wyznacza-
ne s3 na podstawie wynikow uzyskanych z préby, i stuza do opisu empirycznych rozktadéw. Wspét-
czynniki te informuja o sile i kierunku asymetrii rozktadu. O kierunku decyduje znak wspétczynnika,
a o sile jego warto$¢ bezwzgledna. Poniewaz dla pewnych rozktadéw empirycznych wspétczynniki
te maja rozne znaki podjeto probe okreslenia warunkdow w jakich taka sytuacja moze mie¢ miejsce.
Materialy i metody: W przeprowadzonych badaniach uwzgledniono rézne przyktady rozktadéw
empirycznych i symulacyjnymi metodami ustalono warunek wystepowania réznych znakéw tych
wspodtczynnikéw. Warunek ten opiera sie na potozeniu $redniej arytmetycznej obserwacji wzgledem
przedziatu <D,Z>, gdzie D jest dominanta zbioru danych, a Z pewng wielkoS$cia takze wyznaczona na
podstawie tego samego zbioru obserwacji.
Wyniki: W wyniku przeprowadzonych badan ustalono, ze oba rozwazane wspotczynniki asymetrii
maja te same znaki, gdy $rednia arytmetyczna X znajduje sie wewnatrz tego przedziatu, a rézne wtedy
gdy x lezy poza tym przedziatem.
Whioski: W konkretnym badaniu wybranej cechy nalezy oblicza¢ tylko jeden z tych wspo6tczynnikéw.

Stowa kluczowe: rozktad empiryczny, wspétczynniki asymetrii As i y, znaki wspétczynnikéw
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Introduction

Data gathered during full research or partial
research require description of their structure. . If the
tested parameter is measurable and we will pursue
such parameters in this study then arrangement of the
gathered data consists of creating division point series
or interval, also called empirical distribution. Since
each interval series of equal length of intervals may be
brought to point one through replacing the intervals
with their median values, further elaborations will be
presented for point series.

Table 1. Point series

X X, X, X,

n; n, n, n,

where x, are various values of factor are in order from x__to
X of which ¢, a n, are the adequate counts.

max ’

In order to describe the structure of data adequate
measures are used. The most frequently applied are
location and volatility (variation) but interesting
results may be also obtained having set up the
asymmetry, concentration and flattening measures.

In order to define the structure of data presented
in the form of uni-modal empirical distributions of
not significant skewness (asymmetry), called typical
within the statistics literature classical measures are
applied, alternatively supplementing this description
by means of establishing measures of location, whilst
measures oflocation should be applied for descriptions
of distributions which are strongly asymmetrical.

It is thus worth paying special attention to the
measures of asymmetry. We will deal with these
precise measures in the subsequent parts of this work,
focusing on two of them. These will be As and y.

Selected measures of asymmetry
and the problem related to them

Among all known measures of asymmetry
the most frequently used are two of them called
asymmetry coefficients (Ostasiewicz et al. 1998;
Jézwiak, Podgoérski 2012). These are:

x—D
As =
g
and y = alim1 ;:[—x'}snl-

where %; for { = 1,2,...,c as previously they are further
values of factor in point distribution series x = %E?zl X
is an average of a tested factor T; - count for i-th value of factor
within series, 1 = E?:l
calculated from a series, while IJ- is mode. It is also worth
noting that numerator of coefficient 4z is called coefficient of
asymmetry.

m;, S is a standard deviation
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Zebrane podczas badan petnych lub cze$ciowych
dane wymagaja opisania ich struktury. . Jezeli badana
cecha jest mierzalna, a takimi bedziemy sie w dalszym
ciagu zajmowac, to uporzadkowanie zebranych danych
polega na utworzeniu szeregu rozdzielczego punkto-
wego lub przedziatowego, nazywanego tez rozktadem
empirycznym. Poniewaz kazdy szereg przedziatowy
o réwnej dtugosci przedziatdw mozna sprowadzi¢ do
punktowego przez zastgpienie przedziatow ich war-
toSciami Srodkowymi, dalsze rozwazania bedziemy
przedstawia¢ dla szeregéw punktowych postaci:

Tabela 1. Szereg punktowy

X X, X, X,

n; n, n, n,

gdzie x, s rdznymi wartoSciami cechy uporzadkowanymi od
x dox_,ktorychjestc,an sg odpowiednimiliczebnosciami.
min max 1

Dla opisania struktury danych wykorzystuje sie
odpowiednie miary. Najcze$ciej uzywane to miary
potozenia i zmiennosci (zr6znicowania), ale ciekawe
wnioski mozna tez uzyskac wyznaczajgc miary asyme-
trii, koncentracji i sptaszczenia.

Do okreslenia struktury danych przedstawionych
w postaci jednomodalnych rozktadéw empirycznych
0 niezbyt znacznej sko$nosci (asymetrii), zwanych w
literaturze statystycznej typowymi stosuje sie zwykle
miary klasyczne ewentualnie uzupetniajac ten opis
przez wyznaczenie miar pozycyjnych, natomiast mia-
ry pozycyjne powinno sie stosowa¢ do opisu rozkta-
déw silnie asymetrycznych.

Warto zatem zwrdéci¢ szczeg6lna uwage na miary
asymetrii. Tymi wtasnie miarami bedziemy sie zaj-
mowac w dalszej czesci pracy rozwazajac dwie z nich.
Beda to Asiy.

Wybrane miary asymetrii
i problem z nimi zwigzany

Wsréd wszystkich znanych miar asymetrii naj-
cze$ciej wykorzystywane s3 dwie nazywane wspot-
czynnikami asymetrii (Ostasiewicz i in. 1998; J6zwiak,
Podgorski 2012). Sa to:

x—D
) 5
i _ wliz: (e @my

1 =

As =

gdzie *; dla i = 1,2,...,¢ jak poprzednio s3 kolejnymi
warto$ciami cechy w punktowym szeregu rozdzielczym,
% f., m;x; jest Srednig badanej cechy, ;- liczebno-
Scig dla i-tej wartoéci cechy w szeregu, 1 = Xf_;  #,, S jest
odchyleniem standardowym obliczonym z szeregu, za$ D - jest
dominantg. Warto tez dodac, ze licznik wspotczynnika A= nazy-

wany jest wskaznikiem asymetrii.

r =



Various signs in asymmetry...

0 r6znych znakach wspétczynnikéw asymetrii...

When calculating these coefficients for a given
series it is easy to find out that they do not have equal
values, although in general these are the values of
interval <-1, +1>, and further, they may have various
signs which was indicated based on the example of
the work of Wesotowska-Janczarek (2015). It was
also noted in the following quote: ‘There is also no
guarantee that values of measures obtained by means
of the above patterns will have the same sign’ in
Wikipedia. Org /wiki/wspétczynnik skosnosci .

Since signs of coefficients of skewness indicate a
positive or a negative asymmetry, the authors became
interested in the search of answers to the question
when such a situation may occur. In such case it is
not thus known what this asymmetry is in fact like,
whether it is positive as indicated by one of these
coefficients or negative as it is indicated by another of
them.

Let’s also bear in mind that defining the direction
ofasymmetry thus the sign of the considered coefficients
is determined by signs of values appearing in their
nominators as their denominators are always positive.
First of them A= is negative thus it indicates left side
asymmetry when ¥ — D <2 0, while the second one ¥
is negative when ¥f_, n,(x;— x)® < 0, since n is
also positive. Similarly both coefficients are positive
that isds = 0 and ¥ == Owhenx — D = 0 and when

2y m(x,—%)*=>0.

However one may indicate examples when this i<
not the case and the calculated coefficients A% and ¥
for the same series have different signs, thus As = 0
and ¥ << Oor As << O0and ¥ = 0.

A problem occurs thus when different signs are
in place for the same coefficients. In order to respond
to this question let’s consider that the expression of
nominator of coefficient ¥ may in a simple way be
transformed.

n;(x; — fja = Eﬂz-xf - E(En:-xf + ZnSEj_
This expression will be positive when

X< o—————
E:rl_-znl-+ Zns®

Let us mark as Z an expression on the right side of
this inequality thus

Tx} M,

Z Exin;+2Ins?

Thefollowingrelations may thenbe shortly written
As and ¥ will have different signs, respectively:

As = Qandy = 0 whenX < Zand X < D

ords > 0and¥ < Owhen ¥ > £ and X = D,

and identical if both coefficients are positive that
is when

x<Zand x= D

or both are negative, and that is when

X > Zand x < 0.

Taking into consideration the above inequalities
they may be thus written in short form:

Obliczajac te wspoétczynniki dla danego szeregu
tatwo mozna sie przekona¢, ze nie majg one jednako-
wych wartosci, chociaz na ogét sg to wartosci z prze-
dziatu <-1, +1>, a co wiecej moga one mie¢ tez rézne
znaki, co zasygnalizowano na przyktadzie w pracy
Wesotowskiej-Janczarek (2015). Wspomniano tez o
tym piszac, ze ,Nie ma tez gwarancji, ze warto$ci miar
otrzymanych za pomoca powyzszych wzoréw beda
mialy ten sam znak” w Wikipedia. Org /wiki/wspdt-
czynnik skosnosci .

Poniewaz znaki wspdétczynnikéw skosnosci wska-
zuja na dodatnig lub ujemna asymetrie, autoréow za-
interesowato poszukiwanie odpowiedzi na pytanie
kiedy moze zaj$¢ taka sytuacja. W takim przypadku
nie wiadomo bowiem jaka jest wtasciwie ta asymetria,
dodatnia jak wskazuje jeden z tych wspoétczynnikdw,
czy ujemna jak podaje drugi z nich.

Zauwazmy tez, Ze o okresleniu kierunku asymetrii
czyli znaku rozwazanych wspoétczynnikow decyduja
znaki wyrazen wystepujacych w ich licznikach, gdyz
mianowniki s zawsze dodatnie. Pierwszy z nich As
jest ujemny, czyli wskazuje lewostronng asymetrie,
gdy & — D = (, natomiast drugi ¥ jest ujemny, gdy

¢, mn(x,—x)* < 0,bontezjestdodatnie. Podobnie
oba wspotczynniki sg dodatnie czyli As = 0 i y =0
gdyX —D >0 orazgdy Xf-y n:(x;,—%)® > 0.

Jednakze mozna podac przyktady , gdy tak nie
jest i obliczone wsp6tczynniki A5 i ¥ dla tego samego
szeregu majq rézne znaki czyli As = 0a ¥ < 0lub
As=<0iy =10

Pojawia sie zatem problem kiedy wystepuja r6zne
znaki tych wspétczynnikow. Aby odpowiedzie¢ na to
pytanie zauwazmy, ze wyrazenie z licznika wspotczyn-
nika ¥ mozna w prosty sposob przeksztatcic¢

(g — jja = E“:‘x? - f(zﬂixf + ZnSZ}

Wyrazenie to bedzie dodatnie, gdy
_ T} 1

= Ex?n[+ Ins*®

Oznaczmy przez Z wyrazenie po prawej stronie

tej nieréwnosci czyli
Exf" ",
Z= FTxin;+2ns?

Mozna wtedy krétko zapisa¢ nastepujace relacje,
wspétczynniki A= i ¥ beda miaty rézne znaki odpo-
wiednio:

As =< 0iy>0gdyx<Zix=<D

lub As = 0iy<0gdy x=Zix=D,

a jednakowe jezeli oba wspotczynniki sg dodat-
nie to znaczy gdy

X< Zix>=U

lub oba sg ujemne, a to bedzie gdy

x>=Zix =D,

Biorac pod uwage powyzsze nieréwnosci mozna
je razem krétko zapisac:
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both coefficients are positive when D = & = Z,
whilst both are negative if Z << x < D,
whilst coefficients have different signs:

As=0and ¥ <U when £>=D=Z or
x>Z>D

and A5 << 0 and ¥ = U when x = D < Z or
x</Z<D

Let’s also notice that Z fulfills one of the following
conditions for asymmetrical distributions

Z=D o Z<=<D

depending on whether asymmetry is positive or
negative, in case of left-hand asymmetry £ < D and in
c§se O;_f) right-hand (positive) the condition is fulfilled

=D,

We will illustrate the considerations so far on

some examples.

oba wspétczynniki sg dodatnie, gdy D < ¥ < Z,

podczas gdy oba sa ujemne, jezeli £ < & < D.

natomiast wspdétczynniki majg rézne znaki :

As=0iy=<0gdy x>=D =2 lub
x>Z>D _

oraz As < Qiy>0gdy x <D < Zub
xX<Z<D

Zauwazmy jeszcze, ze Z spetnia dla rozktadow

asymetrycznych jeden z nastepujacych warunkéw

Z=D 1w

w zalezno$ci od tego czy asymetria jest dodatnia
czy ujemna, Przy asymetrii lewostronnej (ujemnej)
Z = D, a przy prawostronnej (dodatniej) speiniony
jest warunek Z = D.

Dotychczasowe rozwazania zilustrujemy na przy-
ktadach.

Example 1. Przyktad 1.

Let distribution series be in the following form: Niech szereg rozdzielczy ma postaé:

Table 2. Tabela 2.
X, 0 1 2 3 4 5 X, 0 1 2 3 4 5
n, 2 5 5 15 23 10 n, 2 5 5 15 23 10

Source: own elaboration.

The calculations indicated that
£=13,37:5=1,6098:5 = 1,2688:D = 4

and £ = 3,2662 and n = 60. Furthermore

As = —0,4965 andy = —0,8230and |4As| < |yl.
It is visible that both coefficients As and ¥ show left-
hand asymmetry Z =X & <2 D,soZ < D and x << D.

Example 2.

Here, we have the following distribution:

Table 3.
X, 1 2 3 4 5 6
n, 11 23 15 7 3 1

Source: own elaboration.

When calcylating subsequent values we obtain
x = 2,5167;5°-= 1,3497;5 = 1,1618; D = 2 and
Z = 2,6310 with n = 60. Coefficients indicate right-
hand asymmetry and furthermore I < & <2 Z thatis
Z=Dand x < Z,

Example 3.
Within the work by Wesotowska-Janczarek (2015) the
following example of distribution series has been given:

Zrédto: opracowanie wiasne.

Z obliczen wynika, Ze
£=3737;5%=1,6098;5 = 1,2685;D = 4
oraz £ = 3,2662 in = 60. Ponadto A5 = —0,4965
iy =—0,8230i lAsl] < |yl. wida¢, ze oba wspot-
czynniki As i ¥ pokazujg lewostronng asymetrie oraz
Z<x < DawieciZ < Dorazx < D.

Przyktad 2.
Tym razem mamy nastepujacy rozktad:
Tabela 3.
X, 1 2 3 4 5 6
n, 11 23 15 7 3

Zrédto: opracowanie wiasne.

Obliczajac  kolejne  warto$ci  uzyskujemy
x = 2,5167;5° = 1,3497;5 = 1,1618;D = 2 oraz
Z = 2,6310przy n = 60. Wspotczynniki pokazujg
prawostronng asymetrie, a ponadto D <X & < Z czyli
Z>=Djix=Z,

Przyktad 3
W pracy Wesotowskiej-Janczarek (2015) podany jest
nastepujacy przyktad szeregu rozdzielczego:

Table 4. Tabela 4.
X, 1 2 3 4 5 X, 1 2 3 4 5
n, 2 6 12 7 3 n, 2 6 12 7 3

Source: own elaboration.
Within this series calculated values were as

follows: ¥ = 3,1; 5§~ = 1,09; 5 = 1,044; D = 3 and
furthermore £ = 3,0978 whilst n= 30.
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Zrédto: opracowanie wiasne.

W szeregu tym obliczone wartosci byty nastepu-
jace: ¥ = 3,1; 5% = 1,09; 5§ = 1,044; D = 3 a ponadto
Z = 3,0978 przy n= 30.
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Here, coefficients amount to A5 = 0,0958 whilst,
when ¥ = —0,0246 have different signs, as well as
|As| = |yl|. Relation between p, Z and x is here as
follows D < ¥ = x.

Tymrazem wspotczynnikiwynosza 4s = 0,0958
podczas , gdy y = —0,0246 majq wiec rézne znaki, a
takze |As| = |y|. Relacja miedzy D, Z i X jest tu naste-
pujaca D =0 Z =X x.

Example 4. Przyktad 4.

Table 5. Table 5.
X, 1 2 3 4 5 6 7 X, 1 2 3 4 5 6 7
n, 70 60 80 12 n, 70 60 80 12 6 4 2

Source: own elaboration.

Calculations give the following values:
X=233S"=1,468;S =1,21;: D=3 oraz Z =2,51 przy n =234

Coefficients have different signs and amount to:
As =-0,55; zas y =1,0368. Here As is negative and
¥ positive. Relation betiveen D), Z and X is here as
follows: x<Z <D.

In the subsequent example we will see what will
happen in symmetrical distribution

Zrédto: opracowanie wiasne.

Obliczenia daja nastepujace wartosci:
¥=2,33;8>=1,468; S =1,21; D =3 oraz Z = 2,51 przy n =234
Wspétczynniki maja rézne znaki i wynosza:
As =-0,55; zas y =1,0368. Tym razem wiec As jest
ujemny a ¥ dodatni. Relacja miedzy I, Z 1 X jest teraz
nastepujgca: x<Z <D .

W kolejnym przyktadzie zobaczymy, co bedzie w
rozkladzie symetrycznym.

Example 5 Przyktad 5.
Table 6. Tabela 6.
X, 1 2 3 X, 1 2 3
n, 4 6 20 6 4 n, 4 6 20 6 4

Source: own elaboration.

We may find in this distribution:
£=3;D=35"=11;5= 10488 and Z = 3 while
n = 40. Both coefficients A% and ¥ are equal to zero
and the relationishere ¥ = D = Z,

Conclusions

1. Within the considered examples one may notice
a regularity that the considered coefficients of
asymmetry have the same sign when the average
is within the interval with ends D and Z, whilst
both coefficients are positive when D << X < Z,
and both are negative when £ < & = D.

2. The considered coefficients of asymmetry are
of different signs when the average is located
outside the interval with ends D and Z and
precisely: As = 0and ¥ < 0 whenx > D > Z
or X>Z>D and As < 0and ¥ = 0 when
x<D=<FZorx<Z<D.
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