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Summary

In the book “Mathematical Biology” written by J.D. Wray the Kermack-McKendrick
model connected with epidemiological data is presgin the form of a system of differential
equations in which fractions of individuals susdaptto illness §), infected [) and resistantR)

appear. From the equations Murray extracts thetifumd (S) =1-S+ % In S

0
as fraction of infected in the initial timed(is a parameter). In fack, = | (S;), where S is

, treating |

fraction of individuals susceptible to illness in het initial time and

1(S) = —S+1|n§+ | (SO) +S,- In the paper differences resulting from both ferpf
o

| (S) are described.
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1. Introduction

Introduced in 1927 the Kermack-McKendrick model wa®posed to
explain the rapid rise and fall in the number dieated patients observed in
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epidemics such as the plague in London (1665-66nt&ay (1906) and cholera
in London (1865). It is the so called SIR modelcdugse a fixed population is
considered with three compartments: susceptil®3€)(), infected ( (t)) and

resistant R(t) ). Apart from the SIR model a lot of other modelaynie taken

into consideration, e.g. SIS model (disease withimmunity), SIR endemic
(including births and deaths), criss-cross infewigconcerning malaria) and
many others. The SIR model was forgotten for gaiteong time and it was
brought back to prominence by Anderson and May 9193ince that time the
Kermack-McKendrick model has been developed in mpagers as in R.M
Anderson (1991), F. Brauer (2005), J. Stepan andIGbinka (2007), and we
can note also some applications of that model, fergAIDS epidemic (X.C.

Huang and M. Villasana, 2005).

2. Murray'’s interpretation of the Kermack-McKendric k model

The Kermack-McKendrick model (1927) connected véffidemiological
data is presented in the book “Mathematical Biotogyitten by J.D. Murray
(2002). The same model is also described by H@G05).

Let us denote byS(t) fraction of individuals susceptible to illnesis(t) -

fraction of infected individuals, an®(t) - fraction of resistant ones, i.e. such
individuals that have passed infection (they wdlt be infected in the future).
The equations in the model are the following:

dciy=—

+ SO ="ASO1©)

d o -

5 O=ASOIO -V ()

d _

where A denotes the probability that contacts betweenviddals cause
infection, andy is the probability of recovering from infectionet_us take
5=2.

Y

Let us assume thed, = S(0) >0, I, =1(0) >0 and R(0) = 0. Analyzing

the given equations we can state tl&{t) is a decreasing function whereas

| (t) also may be decreasing (whe <%) but on the other hand it may
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initially increase (i.e. epidemic expands) to berdasing then from a certain
moment (see e.g. Fary005).

Dividing the second equation by the first we ¢eas a function ofS
namely

1(S) :—S+%In S+C.

Due to Murray the constar@t is equal tol ; +S; —%Inso, where | is

treated adl (0) . Still in this casel, is actuallyl (S,) and that is why we will
continue with the following formula of (S):
1S
1(S)=-S+=In—+1(S5,)) +S,.
(S) 5"s, (S)+S
Of course |y +S, =1 so Murray gave the following incorrect formula for
1(S):
1(S) =1-S+ 1>
5 S

The figure 1 shows charts of I(S) :1—S+%In§ for
S, =02, 04, 06, 08.We assume thal=2.

All the charts are located in the triangular areeduse0 < | (t) + S(t) < 1.
Due to Figure 1 when more than half of populatisnnitially susceptible to
illness (S, >%) then epidemic expands in the beginning till Ssfab 1.
Fraction of infected individuals is then the larfgasd equal to (1-1In2S;) .
Then epidemic is dying and(t) tends to zero when S approaches to the

solution of the equatioth— S+%Ini =0.

3.1,=1(S,) vs1,=1(0)

In effect 1 (S,) + S, need not be equal to one. The next three figures s

charts of | (S) = —S+%In§ +1(S,) + S, for the same values db, and d as

in figure 1. Nowl (S,) does not uniquely depend & .
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As we can see, now conclusions taking into accéigures 2, 3, and 4 are
quite different from those resulting from Figure 1.

1

2.9 5=2
§ =02

[]‘8 i

.:]‘7 i

2.6 S =04

25 - N

|:]‘4 i
.:]‘3 i
. %
1.2 S} =08
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0 02 0.4 0.6 0.8 1S

Fig. 1. Charts of| (5)=1- S+1|n§ (6=2)
5 S,
Fraction of infected individuals is almost the seah&, = 04 and S, = 06. It

is always less than fraction a§, =08 so the initial large number of

susceptible to illness gives greater fraction dédted individuals. Epidemic
may appear only when the fraction of infected indlials is rather small
(1(S,) = 0.2) and, similarly as due to Figure 1, is dying aleme moment and

I (t) tends to zero whei$ approaches to the solutio8, of the equation

1(S)+S, = s—émsso. This solution is less than 0.2 and decreasdg )

increases.
Figures more similar to Figure 1 may be obtaine@nvh(S,) = 0.2 and

0=1or =15 (see Figures 5 and 6).
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Fig. 2. Charts of| (S) = —S+%In§ +1(S) + S with | (S,)=02(8=2)
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Fig. 3. Charts of| (S) = —S+%In§ +1(S) + S with | (S,)=05(8=2)
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Fig. 4. Charts of| (S) = —S+%In§+ 1(S) + S, with 1(S;) =08 (8=2)

0,7

VAN
0,5

S, = 02 / \
n4

0,3

0=1

/

0,2

0,1

Fig. 5. Charts of| (S) = —S+%In§ +1(S,) + S, with 1(S,)=02(8=1)
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Fig. 6. Charts of| (S) = —S+;I'_)|nsS +1(S,) + S, with | (§)=02(8=15)

0

References

Anderson R.M. (1991). Discussion: The Kermack-McKaidepidemic threshold theoretBull.
of Math. Biology 53, 3-32.

Anderson R.M., May R.M. (1979). Population Biologylofectious Diseases: PartNature 280,
361-367.

Brauer F. (2005). The Kermack—McKendrick epidemiadeiarevisited.Math. Biosciences 198,
119-131.

Fory$ U. (2005). Matematyka w biologiir{ Polish). WNT, Warszawa.

Huang X.C., Villasana M. (2005). An extension of tkermack-Mckendrick model for AIDS
epidemicJournal of the Franklin Institute 342, 341-351.

Kermack W., McKendrick A. (1927). A contribution the mathematical theory of epidemics.
Proc. Roy. Soc. 115, 700-721.

Murray J.D. (2002). Mathematical Biology. I: An lattuction. Springer Verlag Berlin
Heidelberg.

Stepan J., Hlubinka D. (2007). Kermack-McKendrighdemic model revisitedKybernetika 43,
395-414.



