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Construction of Minimal Surfaces Using Flat Curves with Constant Complex Curvature
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Summary. Analytical description of isotropic lines and
minimal surfaces by means of functions of complex
variable is made. To find the isotropic lines analytical
description parametric equations of a flat curve given by
functions of natural parameter with constant complex
curvature are used. Isotropic lines parametric equations
are obtained from the condition of spatial curve
differential arc equality to zero. Analytical description of
minimal surfaces and associated minimal surfaces are
made in complex space with isotropic lines of a
transferring grid.

Demanding performing Cauchy-Riemann’s
conditions of differentiation for isotropic lines equations
with constant complex curvature, analytical description of
isotropic lines with real and imaginary parts of the
complex variable was found. For stated isotropic lines
analytical description of minimal surfaces and associated
minimal surfaces was made. It was investigated that
minimal surfaces and associated minimal surfaces formed
from isotropic line with help of real part of complex
variable is catenoid and right helicoid. Expressions of the
first and second quadratic forms coefficients of generated
minimal surfaces were found. It is shown that the mean of
formed surfaces curvatures is zero at all points. Analytical
description of one-parameter set of a associated minimal
surfaces formed under their continuous bending, was
made.

The proposed method of parametric equations of
isotropic curves based on flat curves with constant
complex curvature (aeR,beR,i—imaginary unit)

allows to determine analytical description of flat lines
defined by natural parameter functions of a in complex
space.

Minimal surfaces parametric equations were found
in the form of elementary functions, allowing to explore
their geometric properties and differential characteristics
to optimize the engineering methods of technical forms
and architectural constructions design.

Key words: isotropic line, minimal surface, function of
complex variable, constant complex curvature, Cauchy—
Riemann equations, catenoid, right helicoid.

INTRODUCTION

Development of methods for geometric modeling is
an important challenge to find the optimum solution to
problems of transport logistics and design of surfaces of
technical forms and architectural constructions according
to postulated conditions. In particular, the graphs are used
to study patterns of traffic [1] and for modeling
parameters of technological solutions in construction [2].

Differential curves and surfaces characteristics were taken
into account when designing technical surfaces forms in
works [3-5]. Ability to find parameters of geometric
models by means of computer-aided design is shown in
the study [6].

Geometric models described by minimal surfaces can
be used in CAD systems, while designing surfaces of
technical forms and architectural constructions to solve
the problems of finding the smallest surface area, which
pass through a given flat or spatial curve.

Geometrical shape of a minimal surface, the mean
curvature at all its points is equal to zero, ensures even
distribution of efforts in the shell of surface and extra
rigidity [7].

Setting minimum surface by the function
z=12(x;y), J. Lagrange was one of the first who

concluded that the function z =z(x; y) must satisfy the

differential equation of Euler-Lagrange [8, p. 683] in
partial derivatives, which generally are not integrated.

Therefore, one of the modern ways of minimal
surfaces description is improvement of numerical
methods for solving Euler-Lagrange differential equations
[9, 10] and learning applications of designing of
architectural structures surfaces [11, 12].

Analytical description of minimal surfaces can be
obtained using complex variable in form of elementary
functions, simplifying the research of geometrical and
differential properties of formed minimal surfaces.

THE ANALYSIS OF RECENT RESEARCHES
AND PUBLICATIONS

In works [13, 14] in some cases parametric equations
for isotropic lines according to Schwartz and Weierstrass
formulas were found and corresponding minimal surfaces
using the properties of complex variable were built.

Modeling of minimal surfaces with the help of Bezier
curves of the third order were reviewed in the work [15].

The method of analytical description of minimal
surfaces using isotropic curves that lie on the surfaces of
revolution assigned to isometric grid lines were
represented in the works [16-18].

In the work [19] for analytical description of
isotropic lines parametric equations of logarithmic spiral
defined by natural parameter functions with real values of
the curvature was used.

It is necessary to research an opportunity to study
analytical description of isotropic lines and corresponding
minimal surfaces using flat curves with constant complex
curvature.
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OBJECTIVE

Find analytical description of isotropic lines using
parametric equations of flat curve given by functions of a
natural parameter with constant complex curvature value
a+bi (aeR, beR,i—- imaginary unit). With the help

of found isotropic lines find analytical description of
minimal surfaces.

THE MAIN RESULTS OF THE RESEARCH

Consider a plane curve, given by constant complex
value of the curvature: k(s)=a+bi, ne aeR,beR,

i — imaginary unit, s — length of the arc curve.
Then the curvature of the flat curve k(s)is defined
by the formula [20, p. 39]:

k=L, )

where: @ — angle between the tangent to the curve and
the abscissa.
Demanding meeting the condition ¢(0)=0, get

parametric equations of a flat curve [20, p. 48] from the
natural parameter s:

x(s) = x(0)+ icosﬁ k(s)ds} ds
y(s) = y(0)+ EsinE k(s)ds} ds.

@

Substitute the value of complex curvature
k(s)=a+bi in (2), then under meeting the conditions

X(0) =0 and y(0) =0, obtain:

1 . .
X(8) =+ -sinf(a +hi)-s], 5

y(s)=-

1bi -cos|(a+bi)-s]

From condition [21, p. 14] (X' +(y')* +(z')* =0
define the expression z(s)=i-s and write the parametric
equations of a spatial isotropic line:

X(s) = ajbi -sin[(a +bi)-s]
y(s) :_aibl -cos|(a+bi)-s] @)
z(s)=i-s.

To find the equations of minimal and associated
minimal surface it is necessary to change parametric
equations of isotropic curve (4) [19]: s=u+i-v.

Then, demanding meeting the conditions of Cauchy-
Riemann equations [22, p.22], we will obtain a
parametric equations of minimal surfaces
X(u,v), Y(u,v),Z(u,v):

X (u,v)=Re{x(u+i-v)}
Y (u,v)=Re{y(u+i-v)} ®)

Z{uv)= Refi-(u+i-v)}

and associated minimal surface X (u,v),Y"(u,v),
Z (u,v):

X" (u,v) = Im{x(u+i-v)}

Y (u,v) = Im{y(u+i-v)} 6)

Z"(u,v)=Imfi-(u+i-v)}

Separating real and imaginary parts for each function
(4), according to (5), (6) we obtain the minimal surface
equations:

X (u,v)= o -(a-ch(bu +av)-sin(au —bv)+
+b - cos(au —bv)-sh(bu + av)),
Y(u,v)= = -(—a-cos(au—bv)-ch(bu +av)+ (")
+b-sin(au —bv)-sh(bu +av),
Z(u,v) =-v,

and associated minimal surface equation:

1

X"(u,v) = o -(~b-ch(bu +av)-sin(au —bv)+
+

+a-cos(au —bv)-sh(bu +av)),

Y™ (u,v) =ﬁ-(b-cos(au —bv)-ch(bu +av)+ ©)

+a-sin(au —bv)-sh(bu +av)),
Z"(u,v) =u.

In Fig. 1 a minimal surface is shown, Fig. 2 shows
profile projection of this surface that is built on equations
.

In Fig. 3 the associate minimal surface is shown,
Fig. 2 shows the horizontal projection of this surface that
is built on equations (8).

In Fig. 1, 2, 3, 4 images minimal surfaces and their
projections built on equations (7), (8) in accordance with

a=08, b=01 uel[-4..4] vel[-2.2]
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Fig. 1. Minimal surface built on equations (7)

o

L ~

Fig. 2. Profile projection of the minimal surface built on
equations (7)

Fig. 3. Associated minimal surface built on equations (8)

Fig. 4. Horizontal projection of the associated minimal
surface built on equations (8)

We find coefficients expressions of the first quadratic
surface form X(u,v), Y (u,v),Z(u,v) which define metric

properties of the surface according to the formulas [20,
p.183]:

E=(X,F+ (V) +(2),

u u u

F=X, X, +Y, Y, +Z,-Z,, O]
G :(X,)Z +(YI)2 +(Z’)2.

A \ Vv

The coefficients of the first quadratic form of
minimal surface (7) and the associated surface (8) equal
to: E=G =[ch(bu+av)f, F =0.

Minimal surfaces built on equations (7) and (8) have
the same expression of coefficients of the first quadratic
form, that’s why they allow continuous bending one
above the other.

Equations of one-parameter set of associated
minimal surfaces formed with continuous bending are of
the form [19]:

X, (u,v)=X(u,v)cosp+ X" (u,v)sing,
Y,(u,v)=Y(uv)cosp+Y (uv)sing,  (10)

Z,(u,v)=Z(u,v)cosp+Z"(u,v)sing,

where: X (u,v);Y (u,v); Z(u,v) — parametric equations of
minimal surface (7),

X (u,v);Y " (u,v); 2" (u,v) — parametric equations of
associated minimal surface (8),

@ — bending parameter of surfaces, ¢ [O; %}
It is obviously that ¢ =0 equations (10) define the

minimal surface (7), at ¢ =% equations (10) define the

associated minimal surface (8), for other values
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pe [0; %) equations (10) define associated minimal
surfaces [19].

In Fig. 5, 6, 7, 8 images associated minimal surfaces
built on equations (10) in accordance for a=0,8; b=07;

T V4 Via
—4;.. 4] -2;..2|, =2 =2 p=2
Ue[ ] Ve[ ] at ¢ 3 1) 5 1) Z

goz?ﬂ respectively are built. These minimal surfaces

are formed under continuous bending of a minimal
surface (7) to associated minimal surface (8).

Fig. 7. Associated minimal surface built at ¢ = z

Fig. 5. Associated minimal surface built at ¢ = z

Fig. 8. Associated minimal surface built at ¢ = 3z

We find expressions of a second surface quadratic
form X(u,v), Y (u,v),Z(u,v), that define the properties of
surface curvature according to the formulas [20, p.192]:

14 n "
XUU YUU ZUU

L= X, Yz

EG-F X' Yz

LYz

M - . X! YI ZI ,
Jee-F? |0 0 4 W

X, Y, Z,

X Yao Zl,

N — 1
Fig. 6. Associated minimal surface built at ¢ = z N

ﬁ'xé Yoo Zi
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The coefficients of the second quadratic form of
minimal surface (7) equal to: L=—N=a, M =-h.

The coefficients of the second quadratic form of
associated minimal surface (8) equal to: L"=-N"=bh,

*

M =a

The coefficients of the first and second quadratic
forms of the constructed minimal surfaces (7) and (8),
turn the expression of mean curvature
E-N-2-F-M+G-L

2E-G-F?)
surfaces to zero.

It should be noted that for isotropic line (4) a minimal
surface was built (7) — "broken" catenoid, which in
a=0,b=0 is an ordinary catenoid. Associated minimal
surface (8) is a right helicoid, an only minimal ruled
surface.

Separate the real and imaginary parts of complex
variable functions (3) performing Cauchy-Riemann
conditions [22, p. 22]. For real functions (3) we get:

ach(bs)sin(as )+bcosl(as )sh(bs
1 (5) = Relx(s)) = 2ch(bs)sin@s) + beos(as)sh(bs)
a“+b (12)

v,(s)=Re{y(s)} = bSh(bS)Sin(azz +r’:1)(2308(as)ch(bs)l

for each of the specified

(i) +

()and

write the spatial isotropic line parametric equatlons from
arbitrary parameter t :

From the conditions [21, p. 14] (x| )
s

+(z;)? =0 define the expression z,(s)=i-

y (1) = 2ch(bt)sin(at) + beos(at)sh(bt)

a’+b ’
yt)= bsh(bt)sin(a;Z Zcos(at)ch(bt) (13)
2 (t) =i shgbt)_

Enter the replacement in isotropic curve parametric
equations (13) [19]: t=u+i-V.

Separating real and imaginary parts for each function
(13), according to (5), (6) we obtain the minimal surface
equations X (u,v), Y;(u,v), Z;(u,v):

h(bu)sm (au)

X, = 7 [acos(bv)ch(av)+bsin(bv)sh(av)]+
+W[b cos(bv)ch(av)—asin(bv)sh(av)}, (14)
Y, = % [~ acos(bv)ch(av)—bsin(bv)sh(av)]+
n % [bcos(bv)ch(av)—asin(bv)sh(av)]
1 b !

and the associated minimal surface equations Xl*(u,v),

Y, (u,v), Z,(u,v):

~_ch(bu)cos(au)

X == [bsin(bv)ch(av)+acos(bv)sh(av)]+
+ % [asin(bv)ch(av)—bcos(bv)sh(av)}, (15)
Y, = %Slgz(w) [bsin(bv)ch(av)+ acos(bv)sh(av)] -
M[asm (bv)ch(av)—bcos(bv)sh(av))]
- _ coslon) shlou)
' b

The coefficients of the first quadratic form of the
minimal surface (13) and the associated minimal surface
(14), found according to formulas (9), equal to:

E=G= %(cos(va)+ ch(2bu))-[ch(bu +av)f', F = 0.

The coefficients of the second quadratic form of the
minimal surface (13), found according to formulas (11),
equal to:

L =—N =acos(bv)ch(bu), M =-asin(bv)-sh(bu)

The coefficients of the second quadratic form of
associated minimal surface (14) equal to:

*

L"=—N"=—asin(bv)-sh(bu), M" =acos(bv)-ch(bu)

The coefficients of the first and second quadratic
forms of minimal surfaces (13) and (14), transform the
mean curvature expression to zero.

Minimal surface built on equations (13), is Catenoid
and associated minimal surface (14) is right helicoid
which has common geometric properties with the surface
shown in Fig. 3. Consider the imaginary part of the
complex variable functions (3):

_acos(as)sh(bs)-bch(bs)sin(as)
- a’ +b?

' (16)
~ _ ash(bs)sin(as)+bcos(as)ch(bs)
15)= mlys) - s)be |
From condition [21, p. 14] (%) +(y;)? +(z ) =0

ch(bs

define the expression z,(s)=i- and write the

spatial isotropic line parametric equations from arbitrary
parameter t :

%, (t) = Im{x(t)} = aCOS(at)Sh(bt)+ Ezch(bt)sin(at)

- ash(bt)sin(at)+ bcos(at )ch(bt) (17)
a’ +b? ’

¥,(t)=Im{y(t

ch(bt).

b

Zz(t) =i-
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In isotropic curve parametric equations (17) enter the
replacement [19]: t=u+i-v. Separating real and
imaginary parts for each function (17), according to (5),
(6) we obtain the minimal surface equations
X5 (U, V), Yo (u,v),Z, (u,v):

_ chibu)sinau

- a’+b?

+Sh(22)$[acos(bv)ch(av)+ bsin(bv)sh(av)} (18)

ch(:zu)%[b cos(bv)ch(av)—-asin(bv)sh(av)]+

+%[a cos(bv)ch(av)-+ bsin(bv)sh(av)]
: :

X, [~bcos(bv)ch(av)+ asin(bv)sh(av)]+

Y, =

z,=

Fig. 10. Horizontal projection of the minimal surface built
and the associated minimal surface equations X, (u,v), ~ On equations (18)

Yz*(u,v), Zz*(u,v):

" ch(bu)cos au
2 = aZ +b2

—%[bsin(bv)ch(avﬁ acos(bv)sh(av)]

Y, = %[asin(bv)ch (av)—bcos(bv)sh(av)]+

sh(bu)cosau

t— 2
a“+b

»_ cos(bv)-chau
—

[asin(bv)ch(av)-bcos(bv)sh(av)]+
(19)

[bsin(bv)ch(av)+ acos(bv)sh(av)]
Z,

In Fig. 9 a minimal surface is shown, in Fig. 10
horizontal projection of this surface is shown, they are
built on equations (18), in accordance with

a=08b=0]1 UE[O;..JZ'], vel-2..2]

Fig. 11. Associated minimal surface built on equations
(19)

Fig. 12. Horizontal projection of the associated minimal

Fig. 9. Minimal surface built on equations (18) surface built on equations (19)
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In Fig. 11 the minimal surface is shown, in Fig. 12
horizontal projection of this surface is shown, they are
built on equations (19), in accordance with

a=08b=01 uel0;..7} ve[-2.2]
The coefficients of the first quadratic form of

minimal surface (18) and the associated minimal surface
(19), found according to formulas (9), equal to:

E-G- —%(cos(va)—ch(Zbu))- [ch(av)F, F =0.(19)

The coefficients of the second quadratic form of
minimal surface (18), found according to formulas (11),
equal: L=—-N =ash(bu)-cos(bv), M =-ach(bu)-sin(bv).

The coefficients of the second quadratic form of
associated minimal surface (19) equal to:

L' =—N"=ach(bu)-sin(bv), M" = ash(bu)- cos(bv).

The coefficients of the first and second quadratic
forms of minimal surfaces (18) and (19), transform the
mean curvature expression to zero.

Minimal surfaces built on equations (18) and (19)
have the same expression of coefficients of the first
quadratic form, that’s why they allow continuous bending
one above the other.

Equations of one-parameter set of associated
minimal surfaces formed with continuous bending are of
the form [19]:

X, (u,v)=X,(u,v)-cosg+ X, (u,v)-sing,

Y, (U,v)=Y,(u,v)-cosp+Y, (uv)-sing, (20
Z,(u,v) =Z,(u,v)-cosp+Z, (u,v)-sing,
where: X, (u,v),Y,(u,v),Z,(u,v) — minimal surface

equation (18),
X, (u,v),Y, (u,v),Z, (u,v) — associated minimal
surface equation (19),

¢ — bending parameter of surfaces, ¢ {0; %}
It is obviously that ¢ =0 equations (20) define the

minimal surface (18), at ¢ =% equations (20) define the

associated minimal surface (19), for other values

¢e(0; %) equations (20) define associated minimal

surfaces [19].
In Fig. 13, 14, 15, 16 images associated minimal
surfaces built on equations (20) in accordance for a=0,8;

b=0% uelo;..z} vel-2..2], at
Iy R respectively are built
(0 12 1 ¢_ 6 il (p 4 1 (p 8 .

All associated minimal surfaces have the same
expression (19) of coefficients of the first quadratic form.

Fig. 13. Associated minimal surface built at ¢ = %

Fig. 14. Associated minimal surface built at ¢ :%

Fig. 15. Associated minimal surface built at ¢ =%
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Fig. 16. Associated minimal surface built at ¢ = 3?”

These minimal surfaces are formed under continuous
bending of a minimal surface (18) to associated minimal
surface (19).

Use of flat curves given by parametric natural
parameter equations with complex curvature, provides a
relatively simple analytical description of minimal
surfaces for further study of the geometrical properties.

CONCLUSIONS

1. The proposed method of finding isotropic curves
parametric equations based on flat curves with constant
complex curvature allows to determine analytical
description of flat lines defined by natural parameter
functions in complex space. The minimal surface (7),
based on the specified isotropic line is "broken™ Catenoid.

2. For isotropic line with constant complex curvature
equations, it was found analytical description of isotropic
lines with real and imaginary parts of the complex
variable. For these isotropic lines analytical description of
a minimal surfaces and associated minimal surfaces was
made. It is investigated that minimal surface and
associated minimal surface formed from isotropic line
with the real part of complex variable is Catenoid and
right helicoid. Coefficients expressions of the first and
second generated minimal surfaces quadratic forms were
found.

3. Minimal surface constructed using equations (18)
can be used to design technical surfaces forms of soil
loosening.

4. Minimal surfaces parametric equations were found
in the form of elementary functions, which allows to
explore their geometric properties and differential
characteristics to optimize engineering methods to design
technical forms and architectural constructions.

10.

11.

12.

13.
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Geometry.

KOHCTPYUPOBAHUE MUHUMAJIbHBIX

[TOBEPXHOCTEN C IIOMOIILBIO TNIOCKUX

KPUBBIX C ITIOCTOSHHOM KOMIUIEKCHOU
BEJIMUMHOM KPUBU3HBI

Cepeeui ITununaxa, Huxonaii Myxeuy

AnHoranmsa. IlomyuyeHO aHaIUTHYECKOE OMNMCAaHUE
HU30TPOIHBIX JIMHUM M MHMHUMAIBHBIX MOBEPXHOCTEH C
MIOMOIIBI0 (DYHKIMH KOMIUIEKCHOTO TepeMeHHoro. Jlis
HAaXO0KICHHS YpaBHEHUH HA30TPOIHBIX JIMHUI
HCIIOJIb30BAHO IapaMETPUUYECKUE YpPAaBHEHUs IUIOCKOH
KPHUBOH, 3aJaHHOW (QYHKIIUSAMH HATypaIbHOTO IMapaMeTpa
C TOCTOSIHHOM KOMIUIEKCHOM BEIMYMHON KpPUBH3HBIL.
[TapameTpuueckue ypaBHEHHMS  H30TPOIHBIX  JIMHUHI
MIOJIYYEHBI U3 YCJIOBUS PaBEHCTBA HYINIO quddepeHnmnana

Ayru HpOCTpaHCTBeHHOﬁ JIMHHUU. AnHanuTHdeckoe
OIIMCaHUC MHUHUMAJBbHBIX HOBerHOCTGfI u
HpI/ICOC,HI/IHéHHBIX MUHHUMAaJIbHBIX HOBCpXHOCTeﬁ

OCYLIECTBJIAICTCS. B KOMILUIEKCHOM IMPOCTPAHCTBE C
HM30TPOIHBIMU JUHUSMH CETH TIEpEeHOca.

Ucnone3yss ycmoBus —muddepenuupyemocta  Komru-
Pumana s ypaBHEHHMH  M30TPONMHOM  JIMHUM  C

KOMIUIEKCHOM  BEJIIMYMHOW  KPHUBHU3HBI,  IOJY4YEHO
AQHAJIUTUYECKOE  ONMUCAaHWE M3OTPOINHBIX JIMHUHA C
ITOMOIIBIO JIEHCTBUTEIIFHOW W MHHAMOW YacTh (DYyHKITHIA
KOMIIJICKCHOTO MIEPEMEHHOTO. Jlts YKa3aHHBIX
HU30TPOIHBIX JIMHUM  OCYILIECTBICHO aHAJUTHYECKOE
OIIMCAaHHUE MHHHAMAJIbHBIX H MIPUCOETUHEHHBIX
MHUHHAMAaJbHBIX MOBEPXHOCTEH. Iloka3aHo, YTO
MHUHUMAJIbHOM  IOBEPXHOCTBIO M  NPUCOEAUHEHHOU
MUHUMAJIbHON  MOBEPXHOCTHIO, OOpa30BaHHBIMH  C
IIOMOIIBIO JIECTBUTEIILHOMN 4acTu ¢dyHKIMIA

KOMIUIEKCHOTO IEPEMEHHOIO YKa3aHHOW HW30TPONHOM

JVHUM, SBIAIOTCS KAaTCHOMJ ¥ TPSIMOHW TEeIMKOHI.
IMomydaeno aHATUTHYECKOE OIIHCaHNe OJTHO-
MapaMeTPUYECKOT0  MHOXKECTBA  ACCOIMHPOBAHHBIX
MHHAMAJbHBIX  TOBEPXHOCTEH,  0O0pa30oBaHHBIX  C

ITOMOIIBI0 UX HETIPEPHIBHOTO M3THOAHMS.

IpennosxeHHbIi criocod 00pa3oBaHUs MapaMETPHUUCCKUX
YpPaBHEHUW M3O0TPOINHBIX JMHUKA C MOMOIIBIO MJIOCKUX
KpUBBIX, KpPUBHU3HA KOTOPBIX €CThb  KOMILIEKCHOM
BEJINYMHOM, TO3BOJISIET OMNpENENATh AHAIUTUYECKOE
ONMHUCAHWE IUIOCKUX JIHHHWHA, 3aJaHHBIX (YHKIHIMHA
HaTypaJIbHOTO rnapamMerpa, B KOMILIEKCHOM
NIPOCTPAHCTBE.

[TapameTpuueckue YpaBHEHUS MUHUMAaJIbHBIX
MOBEPXHOCTEH TMOJYYEHbl B BHJE OJEMEHTAPHBIX
GhyHKUIHH, YTO MI03BOJISIET HCCIIEI0BATh ux
TEOMETPUYECKHE CBOWCTBA W  JU(QepeHInaIbHbIe
XapaKTepUCTUKU U1l  ONTHUMM3aLUM  HUHXEHEPHBIX
METOZIOB  MPOCKTHPOBAHUS  TEXHUYCCKUX (HOpM U
APXUTEKTYPHBIX KOHCTPYKITUI.

KilioueBble cJI0Ba: M30TPOMHAS JIMHUSA, MHHHMAaIbHAsS
MOBEPXHOCTh, (YHKIMS KOMIUIGKCHOM IEPEMCHHOIM,
MOCTOSIHHAs! KOMIIJIEKCHAsI BEJIMYMHA KPUBU3HBI, YCIOBUS
Koum-Pumana, kareHou, npsiMOi T€TUKOMI.
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