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Abstract: BOD measuring and modelling meth-
ods – review. The article presents the method of 
measuring BOD in wastewater and characteristic 
different models which can by used for describing 
changes of BOD in next days. In the paper de-
scribed eight models: Moore et al. (1950), Thomas 
(1950), Navone (1960), Fujimoto (1964), Hewitt 
et al. ( 1979), Adrian and Sanders (1992–1993) as 
well as Young and Clark (1965) used by Adrian 
and Sanders (1998), Borsuk and Stow (2000) and 
Manson et al. (2006). Comparison the models 
suggests that changing of BOD during the time 
are better describes by models second order or 
double exponential model (Manson et al. 2006) 
than models the fi rst order.

Key words: BOD5, BODtotal, mathematical model-
ling, wastewater.

INTRODUCTION

The biochemical oxygen demand (BOD) 
is an indicator used to evaluate the 
degree of the contamination of water and 
sewages with the organic substances. 
Although it is much faster to indicate the 
chemical oxygen demand (COD) and the 
total organic carbon (TOC), it is diffi cult 
to resign the indication of BOD and more 
precisely the fi ve-day BOD (BOD5) be-
cause it informs about the concentration 
of the organic substances decomposed 
in the biological way. The acceptance of 
the fi ve-day biological oxygen demand 

BOD5 is caused by the fact that during 
the fi rst 5 days there is a decomposition 
of 60–70% of the organic substances 
(Gajkowska-Stefańska et al. 1994). 
The course of changes in BOD for the 
fi rst fi ve days of incubation at the tem-
perature of 293K (20°C) can show how 
effectively the processes of self-purifi ca-
tion of water in rivers will take place 
and the course and the effectiveness of 
wastewater treatment of sewages in the 
oxygen reactors in the sewage treatment 
plants. The total aerobic decomposition 
of organic compounds occurs for about 
100 days. Whereas during the fi rst period 
of about 20 days there is the decomposi-
tion of carbohydrates and then other 
compounds including the organic nitric 
compounds (Kiedryńska et al. 2006).

The measurement of BOD can be made 
with the use of different methods. The method 
of dilution is a classic method which is 
labour-consuming but its unquestionable 
value is the high accuracy resulting from 
the precision of the measurement of the 
oxygen concentration with the Winkler 
method (Gajkowska-Stefańska et al. 
1994). The next methods are the mano-
metric method of Sierp and Warburg and 
the automatic methods which can also 
include the method with the use of the 
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Sapromat (Gajkowska-Stefańska et al. 
1994). Tebbutt and Berkun (1976) used 
the respirometric method stating that it 
depends on the capacity of the sample 
and that with reference to the standard 
method they received the correct results 
at the capacity of 100 up to 150 ml. The 
modifi cation of the standard method of 
dilution was suggested by Xinglong and 
Boyd (2005). The modifi cation sug-
gested that the sample should be aera-
ted up to the oxygen concentration of 
about 8 mgO2·dm–3 and incubated for the 
defi nite time. When the oxygen concen-
tration decreased too much, the sample 
was aerated again to the similar concen-
tration and it was incubated again. Such 
a procedure was repeated in the next 
days. In this way, owing to the aeration 
the oxygen conditions in the sample were 
provided all the time, and total BOD5 was 
achieved by adding up the use of oxygen 
in the individual stages. As the authors 
claim, the result, in the procedure, was 
very similar to the result received in the 
method of dilution.

Various researchers used the selected 
microorganisms to examine the decom-
position of the organic compounds and 
to control the kinetics of the oxygen use. 
Testing Trichosporon cutaneum, Sohn 
et al. (1995) found out the decreasing 
linear dependence between the concen-
tration of the dissolved oxygen and the 
concentration of the analysed organic 
substances. The bacteria Pseudomonas 
putida were used by Chee et al. (2000) 
examining the dependence of the poten-
tial expressed in mV as a function of 
concentration of BOD. They found out 
the high precision of the measurement in 
comparison with the standard methods, 
even at so low the values of BOD as 

1 mgO2·dm–3. The measurement was not 
accurate between 0.5 mgO2·dm–3 and 
1.0 mgO2·dm–3 because the estimated error 
equaled 20%. The biosensors for the on-
line measurement indicated a very good 
conformity with the standard methods 
and the linear dependence in the scope 
from 5 mgO2·dm–3up to 700 mgO2·dm–3 
(Liu et al. 2004).

Reynolds and Ahmad (1997) sugge-
sted a non-invasive method of the BOD 
measurement through the analysis of 
absorbance and the fl uorescence effects 
during the sample irradiation. They found 
out that there is a linear dependence of 
the BOD concentration on the intensity 
of fl uorescence of the wave length of 
340 nm inducing the sample with the irra-
diation with the wave of 280 nm long.

One of latest methods is the use of the 
system Oxi Top Control which defi nes the 
use of oxygen through the measurement 
of the pressure changes (Kiedryńska et 
al. 2006).

MODELLING OF BOD

The changes in the oxygen concentration 
in the surface water are described with 
the equation of Streeter and Phelps and 
they depend on saturation, reaeration 
and changes in the concentration of 
the contaminations described by BOD 
(Adrian and Sanders 1992–1993). The 
modelling of the BOD variety can be 
described with the equation of the half 
order (the index of 0.5) (Adrian and 
Sanders 1992–1993) and the fi rst or the 
second one (Adrian and Sanders 1998). 
In both publications Adrian and Sanders 
(1992–1993; 1998) showed that they 
did not receive signifi cant differences in 
the results with the use of the equations 
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of the above mentioned orders in their 
research.

The following equation is most often 
used to model the course of the BOD 
variety (1)

dy k y
dt

 (1)

which is presented in the form (2) in 
some publications

( ) ( )d L y K L y
dt

 (2)

or in the form (3) (Fujimoto 1964)

( )dy K L y
dt

 (3)

where:
y – BOD value at any time t, 
L – total BOD, whereas k and K the constant 

reactions.
The function of y(t) is increasing whereas 
(L–y)(t) decreasing which is presented 
in the qualitative way (without the axis 
calibration) in the diagram in Figure 1.

Sheehy (1960) tried to indicate the 
constant K using the results of the BOD 
measurement after the fi rst 24-hour incu-
bation, the second one, etc. Analysing 
the results, he found out that K does 

not always have the constant value. He 
assumed K5 as a reference point or K cal-
culated with reference to the fi fth day and 
he presented that if K1/5 = K2/5 = ... = K8/5, 
there is the reaction of the fi rst order and 
this case exists as was stated by Marske 
and Polkowski (1972), when K ≤ 0.2. If 
K1/5 < K2/5 < ... < K8/5, there is a lag in the 
decomposition reaction and then Sheehy 
suggested that the calculations should be 
made without the changes occurring on 
the fi rst day. However, if K1/5 > K2/5 > ... 
> K8/5, the initial signifi cant consumption 
of oxygen shows the high concentration 
of organic substances decomposed easily.

After integrating the equation (3) Fuji-
moto (1964) received 

0

10k t K tL y e
L y

 (4)

where y0 is a BOD5 value at the time 
t = 0. 

Constructing the dependence diagram 
y(t) in the function y(t+1), he received 
the rectilinear dependence (Fig. 2), 
which enabled the indication of the func-
tion gradient and the intersection point 
of the vertical axis and the parameter k 
and L on their basis.

Thomas (1950) suggested the function 
which allows to receive the dependence 
while being developed in the series:

1 2
3 3

1 1
3 3

2.31

2.3 6

kt t
y k L L

 
 (5)

This dependence marked on the dia-
gram of the horizontal axis t and the 

vertical one 
1
3t

y
 becomes the linear 

function, which allows to defi ne the 

FIGURE 1. Tendency of changes in the depen-
dence of “y” and “L–Y” on time (Keshavan et al. 
1965)
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intersection point A (the free expression) 
and its inclination B (the expression at 
the variable t). The knowledge of A and 
B allows to calculate k and L on the basis 
of the formulas (6):

2.61 Bk
A

 (6)

3

1
2.3

L
k A

Navone (1960) using the formula (3) 
suggested the following method of pro-
cedure. After comparing the time mea-
surement ti in the fi rst column and the 
BOD value written as yi in the other one, 
the third one should be constructed in 

which the results of the calculation  
dy
dt

 

calculated according to the formula (7) 
where:

1 1

1 1

i i i

i i i

dy y y
dt t t  (7)

Constructing the diagram i

i

dy
dt

 in the 

function of yi, the linear dependence is 

received, which allows to mark the incli-
nation, i.e. the constant of the reaction k 
and the intersection point of the vertical 

axis i

i

dy
dt

 = a. Hence, L – can be calcula-

ted, which equals a
k

. As the author states, 

this method gives the results very simi-
lar to the results received in the method 
described by Moore et al. (1950).

Moore et al. (1950) elaborated the 
diagrams of two vertical axes where one 

was marked with the values 
( )

y
t y

, and 

the other one 
y

L
. The horizontal axis 

was the constant of the reaction „k”. 

Therefore the diagram made 
( )

y
t y

 = 

= f(k) and 
y

L
 = f(k). The authors 

elaborated the separate diagrams for 
BOD3, BOD5 and BOD7. Consequently, 
knowing the results of the experimental 
research for the given case, ∑y and ∑(y·t) 

can be calculated and k and 
y

L
 can be 

Metoda Fujimoto 1964

y(t) = 0.918y(t) + 74.528
R2 = 0.996
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FIGURE 2. The picture of the function graph according to the Fujimoto model (1964) [to picture it, the 
measurement points received in the own research were used (Siwiec et al. 2011)]
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read from the diagram which allows to 
calculate L.

Moore et al. (1950) also elaborated 
the method to calculated the length of 
the lag phase of the BOD growth in the 
time function suggesting the application 
of the model according to the formula:

01 10 k t ty L  (8)

The calculation of “L”, “k” and “t0” 
was suggested with the application of the 
prepared diagram by the authors. Other 
researchers, analyzing the graph of the 
measurement points depicting the chang-
es of BOD in the time function, suggest-
ed their division into the individual parts 
(Keshavan 1965; Young and Clark 1965; 
Swamee and Ojha 1991) distinguishing 
the cases with the lag phase. This phase 
results from the existence of unfavo-
urable conditions such as the necessity 
for microorganisms to acclimatize, the 
existence of signifi cant changes in the 
temperature or the presence of toxic sub-
stances (Moore et al. 1976; Swamee and 
Ojha 1991). After this period, there is 
a fast increase in the use of oxygen resul-
ting from the decomposition of organic 
compounds easily decomposed which 
fi nishes with the section almost hori-
zontal (the plateau phase). Then, there is 
an increase of the curve caused by the 
further decomposition of carbon com-
pounds (Swamee and Ojha 1991), which 
is explained by Keshavan (1965) as an 
endogenous respiration which depends 
on the concentration of the dissolved 
oxygen. If substrata are rich in the nitric 
compounds, there is the next increasing 
phase resulting from the consumption of 
oxygen for the needs of the nitrifi cation 
process (Keshavan 1965; Anthonisen et 

al. 1976; Swamee and Ojha 1991; van 
Loosdrecht and Jetten 1998; Weijers 
1999; Dmitriuk and Dojlido 2001).

The next phases which can be dis-
tinguished by analysing the results of 
the measurement cause diffi culties in 
the modelling of the graph of the BOD 
changeability in the time function. 
Sheehy (1960) suggested assuming the 
connection between BODt values marked 
as y on any day defi ned as t with referen-
ce to fi nal BOD marked as L.

1 10 k ty
L

 (9)

Using the form of the formula (9), he 
calculated the constant k for the individ-
ual days assuming as fi nal BOD8. This 
way he received the set of values 1 8k , 
2 8k , ... 8 8k . If the individual values were 

equal, he assumed that this was a reaction 
described with the equation of the fi rst 
order, if the values are increasing, the 
lag phase occurs and the measurements 
from the fi rst day should be rejected in 
modelling.

Numerous authors raised the doubts 
concerning the application of the equa-
tion of the fi rst order to describe BOD. 
Adrian and Sanders (1992–1993), ana-
lysing the equation of Streeter and 
Phelps, introduced the differential calcu-
lus of the half order of the form:

1 22
1 12 2

2 4

k L ky
t t

 (10)

Constructing the diagram of the verti-

cal axis 
2

y
t

 and 1
t

 of the horizontal axis, 

the linear function is received whose 
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mathematical description allows to indi-
cate the constant k1/2 and L.

Marske and Polkowski (1972) sug-
gested the application of the model of the 
fi rst order where k < 0.2 (the formula 11) 
and otherwise the model of the second 
order (the formula 12)

1 k ty L e  (11)

1 1
ty

t
k L L

 (12)

suggesting the application of the model 
of the fi rst order but the model of the 
second order. The doubts concerning the 
orders of the model were also raised by 
Young and Clark (1965), Hewitt et al. 
(1979), Borsuk and Stow (2000) and 
Mason et al. (2006).

Young and Clark (1965) compared 
the results received while applying the 
model of the fi rst order and the second 
one. They noticed that the constants of 
the reaction for both cases are not the 
same therefore they marked the reactions 
of the fi rst order by k but the reactions of 
the second order by K. They wrote this 
reaction in the following form:

2( ) ( )d L y K L y
dt

 (13)

Transforming the formula (13), they 
received the formula (14) in which the 
right side was created by the substitution 
of the parameters a and b.

2
1 1

t ty
a b tt

K L L

  (14)

Having transformed the formula (14), the 
linear form of the equation is received

t a b t
y

 (15)

Using the method of the least squares, 
the parameters a and b can be calculated 
from the formulas (16) and (17), and 
with their use the values L and K.

0

t
t ya b

t t
  (16)

2

2

0

t
t ya b
t t

  (17)

Young and Clark (1965) found out 
that in the scope of the research done by 
them the equation (14) adjusts well to 
the results of the measurement in scope 
without nitrifi cation and gives the results 
with the similar accuracy to the equation 
of the fi rst order.

Analysing the graph by Young and 
Clark (1965), Keshavan et al. (1965) con-
fi rmed the process of nitrifi cation which 
disturbs the results of the BOD measu-
rement. They distinguished 3 ranges in 
the dependence of the BOD function 
on the BOD time = f(t). The fi rst one is 
a dependence in which the use of oxygen 
occurs by the decomposition of available 
organic substances, in the second one 
there is an endogenous respiration which 
uses dissolved oxygen. In the third range 
nitrifi cation occurs.
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The discussion on the model by Young 
and Clark (1965) was undertaken by 
Weber and Carlson (1965) suggesting that 
the application of least square method to 
solve the model of the second order is 
not necessary because this equation can 
be linearised. The equation by Thomas 
was the starting point

2( )bkdy L y
dt L

 (18)

which after integrating receives the form

1
b

b

k L ty
k t

 (19)

Transforming the equation (19) to the 
form

1 1 1
by L k L t

  (20)

The linear dependence of the vertical axis 
1
y

 and the horizontal axis 
1
t

 can be re-

ceived. Then, the intersection point with 
the vertical axis will indicate the value 
1
L

 but 1
bk L

 the function gradient.

The comparison of various modelling 
methods of the graph of the BOD chan-
ges was presented by Hewitt and Hunter 
(1975) who analysed 7 different models. 
They accepted the model by Reed-The-
riault from 1927 as the reference one to 
which they referred the models by Rhame 
from 1956, Thomas from 1937, Fair from 
1937, Sheehy from 1960, Moore et al. 
from 1960 and Navone from 1960. The 
authors found out that the deviations k in 
relation to the reference method equalled 

even 50% but L even 50.8%. Despite 
of that they considered that the devia-
tions from the value k were bigger than 
L as per 20 measurements the deviations 
over 10% occurred in a dozen of cases 
or more while calculating k but in some 
while marking L. The method of Thomas 
(1937 after Hewitt and Hunter 1975) 
and Navone (1960) indicated the lowest 
errors in which the deviations exceed-
ing 10% while calculating k occurred 
respectively 8 and 7 times but while cal-
culating L twice for both methods. The 
dispersions in the calculated values k 
and L were an inspiration to modify the 
model. Hewitt et al. (1979) analysed the 
model of many orders. The starting point 
was the equation

i n
i

dL K L
dt

 (21)

which after integrating and transforming 
changes into the form (22)

1
1 1[( 1) ]n ny L n K t L  (22)

The authors calculated K and L for 
the equations of the orders from 1 to 4.0 
with the step every 0.5. They proved that 
the higher the value of the order n is, the 
lower K is and the higher L. They also 
found out that the values L received by 
the application of the equation of the 
second order are bigger than the values 
received with the use of the equation 
of the fi rst order with the multiplicity 
from 1.23 to 1.55, the average of 1.39. 
Young and Clark (1965) received the 
similar values and the relation received 
by them equalled about 1.25. As Hewitt 
et al. proved (1979), the lowest average 
square error related to the experimental 
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results L and the calculated one L was for 
the equations of the second order.

Borsuk and Stow (2000) interpreted 
the equation (21) in another way because 
they marked the value Li as other BOD. 
Therefore, after integrating and substi-
tuting the relation between Li, y and L as 
Li = L – y, the formula (19) is expressed 
in the following form

1
1 1[ (1 )]n n

ny L L k t n  (23)

where n was called “a pseudo order” 
of the equation but kn the constant of 
the reaction speed of the mixed order 
expressed as (mg·dm–3)(1-n) ·24 hours–1. 

Modelling the BOD changes in the 
sewages, Mason et al. (2006) suggested 
the application of the double exponential 
model. The model suggested by them is 
expressed by the formula

1 2
1 21 1k t k ty L e L e  (24)

where L1 and L2 indicate the total BOD 
relatively. The index 1 refers to the 
contamination decomposed very easily 
and very quickly, and the index 2 the 
contamination decomposed more diffi -
cult and slower. The substances marked 
with the index 1 are the contamination 
which can also be decomposed in the 
anaerobic conditions or they can even, 
at the presence of oxygen in the result 
of its fast consumption, result in a such 
high temporary defi cit of oxygen that the 
periodical occurrence of the anaerobic 
conditions is observed. The values k1 and 
k2 are the speed constant of the proper 
reactions. The total of L1 and L2 gives 
a total value of the total L. As Mason et 
al. (2006) stated, the double model indi-

cates the bigger accuracy in comparison 
with the single model expressed in the 
formula (9) as the average square error 
for the double model was about 70% lower 
than such an error for the single model.

The infl uence of various parameters 
of the BOD changes on surface waters 
was examined by Ellis and Rodrigues 
(1995) analysing the 14 distinguished 
parameters such as the load of contami-
nation, the time of water retention, the 
intensity and the duration of insolation, 
the pond depth, the precipitation, the 
water conductivity et al. with the lower 
infl uence. They proved the signifi cant 
importance of many of these parameters 
and especially the insolation and the pre-
cipitation. It is worth mentioning that the 
decrease in the BOD concentration in 
water of the pond proves the existence 
of the favourable process in it which is 
self-purifi cation.

Anthonisen et al. (1976) and Dmitruk 
and Dojlido (2001) examined the infl u-
ence of the process of nitrifi cation on the 
value of BOD5 received from the mea-
surement. Dmitruk and Dojlido (2001) 
divided each sample into two parts and 
they measured BOD5 in each one but they 
added 2-chloro-6-trichlorometylpiridi-
num (TCMP) into one of them, which 
inhibits the process of nitrifi cation. This 
way the received result for the second 
sample was a value of the carbon BOD5 
which is referred to the measurement of 
organic carbon. The difference of the 
results of both measurements allowed to 
defi ne nitric BOD5. They found out that 
nitric BOD5 in case of surface waters, i.e. 
low BOD5 concentrations reached 15%, 
but in case of purifi ed sewages, i.e. at the 
higher concentrations even 50%. These 
results should be taken into account care-
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fully because the samples were not too 
numerous. The authors suggest that both 
measurements should be separated and 
both values of BOD5 interpreted separa-
tely in the European directives.

Anthonisen et al. (1976) examined 
the infl uence of free NH3 concentration 
and nonionized HNO2 on the inhibition 
of the nitrifi cation process. They found 
out that both compounds are inhibitors 
of nitrifi cation and their concentrations 
have a much more signifi cant infl uence 
than the total concentration of N–NH4 
and N–NO2. They found out the signifi -
cant infl uence of the reaction (pH) on 
this process and fi rst of all on the par-
ticipation of both inhibitors. There is an 
inhibition of both the Nitrosomonas bac-
teria and the Nitrobacter ones present at 
the higher reactions, however there is the 
increasing concentration of HNO2 infl u-
ences the inhibition of the Nitrobacter 
bacteria at the lower ones.

Van Loosdrecht and Jetten (1998) 
found out that heterotrophy nitrifi cation 
probably has a signifi cant infl uence on 
the concentrated sewages when there is 
a high ratio of COD/N and it is higher 
than 10. However the anaerobic oxi-
dation of ammonia occurs only in the 
autotrophic systems with the long period 
of sediment retention.

Matejczuk and Grabarski (1995) based 
their study on the model by Michaelis-
-Menten elaborating the method of the 
constant BOD measurement. The idea 
is based on the 3-minute BOD measure-
ment which is calculated into the value 
of BOD5. Testing the accuracy of the 
model they found out that the deviations 
between the 3-minute measurement and 
the classic BOD5 one were minimal.

SUMMARY

As it was observed, numerous factors in-
fl uence the distribution of points defi ning 
the changes in BOD, which include the 
concentration of the organic contamina-
tion and various disturbing factors such 
as salinity, poisons, etc. Kovarowa-Kovar 
and Egli (1998) found out that the growth 
of microorganisms is limited both by the 
availability of organic carbon and its 
limitations as well as depending on the 
access to other nutrients such as nitrogen 
and phosphorus. 

Nitrifi cation occurs in the fi rst 5 days 
of incubation as the nitrifi cation inhibitor 
distinctly lowered the values of the mea-
surement points. It can be said approxi-
mately that the nitrifi cation includes 
about 10% of the value of BOD5 (Siwiec 
et al. 2012). 

In spite of the fact that there is pos-
sible to fi nd in literature a large number 
of various models describing the time 
changes of BZT5, not all of them do it 
correctly. There is shown (Siwiec et 
al. 2012) that the second order models 
approximate the measurement points in 
a better way than the fi rst order or half 
order models.
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Streszczenie: Charakterystyka metod oznacza-
nia oraz wybranych modeli opisujących zmiany 
BZT5 w ściekach. W artykule przedstawiono me-
tody pomiaru BZT w ściekach i charakterystykę 
różnych modeli, które można stosować do opi-
su zmian BZT. Przedstawiono modele Moore’a 
(Moore i inni 1950) Thomasa, (Thomas 1950), 
Navone (Navone 1960), Fujimoto (Fujimoto 
1964), Hewitta (Hewitt i inni 1979) oraz Adria-
na i Sandersa (Adrian i Sanders 1992–1993), jak 

również model Yaung’a i Clark’a (Young i Clark 
1965) wykorzystywany przez Adriana i Sandersa 
(Adrian i Anders 1998), Borsuka i Stowa (Borsuk 
i Stow 2000) oraz Mansona (Manson i inni 2006). 
Porównanie modeli sugeruje, że zmiany BZT 
w czasie, są lepiej opisane przez modele drugie-
go rzędu lub podwójnie wykładnicze niż modele 
pierwszego rzędu.
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