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Summary. Thefollowing spatial contact problems of
the theory of elasticity of strip width 2a stamp sphere
forcing in elastic layer of finite thickness h: lying
without friction on the hard grounds, rigidly connected
to holds its ground. In the area of contact between the
die and the friction layer. The stamp is pressed into a
layer of force P, related to the unit of length, and
moments - M,, M,. The asymptotic expressions for
determination of contact normal voltages under the
stamp.

Key words. Elastic layer elastic half-space, integral
transforms, normal contact stress, hard rubber stamp.

INTRODUCTION

Contact mechanics of deformable solid
body interaction is currently the most active
and growing field of continuum mechanics.
Contact problems of the theory of elasticity are
finding more and more applications in the
engineering calculations.

Fig.1. Design scheme

The paper considers the problem of
contact interaction of spatial rigid Strip stamp
with elastic layer thicknessh (Fig. 1).

RESEARCH ANALY SIS

Major publications on the subject are in
the works, which contain an overview of the
main scientific results on the contact flat static
[5, 7, 12, 14, 29], spatid dstatic [1-4, 11],
dynamic flat panel [8, 9, 19, 26, 30], spatia
dynamic [6, 10, 13, 24, 28], thermo elastic [22,
25, 26, 27, 18], objectives for elastic contact
problems of the theory of viscoelasticity [16,
17, 20, 21, 23].

Outlines the mathematical methods of
decision of plane and space problems with
various boundary conditions at the sites of the
contact.

RESEARCH OBJECT

The objective of the proposed work is
research of spatial contact problems for elastic
layer in case of flat areas of contact and the
definition of normal contact stresses under the
stamp.
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RESULTS OF RESEARCH

1. The task of the integral equation we
obtain from these same tasks of integral
equation for the free-form contact Q derived in

[1]:

[facemdédn] [ = cosS (£ - x)cos (7 - y)dds =
Q oo U n n

= AhZ%5(x,y), (XY)eQ, u=+vs*+t*. (1.1)

Here: q(x,y) — contact pressure
distribution function, s(x,y) — function of the
sediment  surface  layer  points  of

contactQ,A=G(1-v)?*,G,v — shear modulus
of the material layer and Poisson's ratio.
Function L(u) for targets respectively

are:
h2u -1
1— L(u)=— , 1.2
W sh2u +2u (1.2)
2 L(u)= 2klshZu—;1u .
2k,ch2u+1+Kk{ +4u

ki =3-4v, (X y)=8+ax+ py—f(xy),
f(x,y) — function of the base surface,
S+ax+fy — move a stamp under the
action of forces P and moments My, My.
After solving the equation (1.1)
relationship between P, My, My, the efforts of
the stamp, and the values «,p,6 determined

from the ratio of:

M, = [[na(&,n)d&dn ,

Q

P = [[q(&,m)d&dn
Q

My = [[&a(g,m)dédn - (1.3)
Q

Get the integral equation for contact
problems of the contact area in the form of
endless bands(|x| < a,|y| < ).

Enter into the transformanty Fourier
transform functionss(x,y) , q(&,7) , ratios:

3(xY) = o= 8,(0e s,

55(x) = Ta(x, y)ePdy . (1.4)
Qe =5 [as(e"dp,
a(&) = [aEmedn . (1.5)
Based on (1.4) and (1.5) integra
equation (1.1) takes the form:
a TL(u) s

_J. Qﬂ(f)dfj.TCOSF(f = X)ds = 7AS5(X),

IX<a. (1.6)

For the case of rolled stamp (1.3) should
be replaced by the following:

P(y) = [a(x,y)dx, M(y)= [xa(x,y)dx, (1.7)

—a —a

P(y), M(y) — force and moment acting

on the section of the stamp.

2. Properties of the core and the
representation of the solution of integral
equation contact problems for the layer.

We will specify some of the General
properties of the kernel integral equation (1.6)
into the form:

T, (Ok(b,9ds = 8,00 M<a,  (2.1)

k(b,s) = T%cos(vs)dv , (2.2

here:b=ph, s=(x-&)h™?, u=(v2+b?)Y2,
Transform kernel (2.2) asfollows:

k(b,s) = K, (b,S) — F(b,s) . (2.3)
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In the expresson (2.3) K,(b,s)-
Macdonald function:
F(b,s) = T[l— L(u)b*cos(is)dv . (2.4)

(o]

Based on the properties of functions
Lw), (Luw—->1 whenu—ow, L(u)— Au
whenu — 0), it is easy to show that even on the
function F(b,s) is continuous, together with
all itsderivativesat—wo<s< .

As regardsk,(b,s), then, as it is known,
the Macdonald at zero point behaves Injps| like
the infinity decays likejps™'?e™ . For all other
values of the argument is continuous, together
with al its derivatives.

Will continue to explore the properties of
the functionF(b,s) .

Laying cos(rs)out under the integral of
(2.4) in a number of 1, introduce F(b,s)in the
form:

F(bs) = 3C (b)s? (2.5)
i=0

¢ :ﬂof[l‘t(“)]ﬂdv,(i ~012..). (2.6)
-0

Let us rewrite equation (2.1) based on
(2.3) in the form of

[0, (KB — XJdE = A8, (%) + [0 (£)F (b9,
2.7)

X <a.

We will find the solution to the equation
(2.7) in the class L,(-aa),1<p<2. Then

based on the propertiesF(b,s), whenb >0, you
can easily conclude that function:

(%) = [0, (F(b.9)-dé, (2.8)

is continuing with all its derivatives on
xe[-a,al.

When 4, = ha™the function (2.8) takes
the form:

P(X)=co(b)Ps, Py =[ap(8)ds.  (2.9)

If the relative thickness of the layer is so
great that b— it is quite large, then given the
asymptotic estimate for the numbers
¢ (b)~0om %) for large vauesb, can
concludeg(x) =0.

Therefore, when 4, =«, if that fits the
occasion of elagtic haf-space, the surface
integral equation for strip stamp (2.7) will take
the form of:

[95(BK,[B(E = 0 ]dE = mA5,(x), [{<a. (2.10)

Note now that because of the properties
of the function ¢(x) at al i,and b the nature
and characteristics of the integral equation
(2.7) is defined by equation (2.10).

3. Solution of contact problems with
large values of the parameter 4, = ha™.

Asymptotic at the big 4, challenges for
the Strip to stamp can only be obtained based
on integral equation (2.7), which, taking into
account the (2.5) will be in the form:

[0, (8K [(E — XE = 7035(X) +

+3 a2, [a@E—x7e, za. (31)
As the formula (25) occurs
When|s|:‘(x—§)h’1‘<2,max|x—§|=2a, while

equation (3.1) and all the results to be obtained
from it will make sense, at least when 4, > 1.

Solution of integral equation (3.1) will
search in the form of the following asymptotic
number of degrees h™*:

0y(8) = ioqﬂé(é) h% - (32)
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Substituting the expression (3.2) in
equation (3.1) and equating members under
the same degrees, h™* we get an infinite
system of integral equations for sequential
definitionsqp (&) :

a) (050K [B(E ~ W = 705, (X) +

+6y(0) [ ap0(E)de,

b) faqﬂl(¢>Ko[ﬂ(§ ) =cl(b>_?aq,30(§x§ ~X)2de +
. co(b)?aqm(g)df ,
) Taqﬁz(é) KolB(E ~ e iz(b)?aqﬂo(g”) x
X(£-x%dé+ +ol(b)_Taqﬁ1(§)(§ S X%dE

+Co(b) J.Qﬁz(g)dé: ) |X| <a, (3.3

etc.

Obvioudly, the equation a) system of
equations (3.3) coincides with an integral
equation, the occasion of very large relative
layer thicknesses.

Found the approximate solution of
integral equation of the contact problem for
elastic half-space [1], which is different from
the equation a) (3.3) the last element on the
right side. Since this term has a functionality,
the corresponding approximate solution of
integral equation @) and can be considered
notable.

3.1. Solution of integral equations (3.3)
by the method of successive approximations.

We will write the system (3.3) in another
form:

) [a0(@K B~ 0] co)ds =5, (x),

b)  Jau(@Ko[B(E — %] (b)) =

= ¢1(b) [dpo(&)(& —x)%dg (34)

O Jap@KBE -] cob)de =

= Co(D) Jpo(£)(£ —X)*dé +¢1(b) [ Az () —x)%dE

|x| <a.
Further, consider the case:
05(X) =0, =const .

Let's move into the equation @) system
(34) to have variables ¢=¢4a,x=x4a,
Sp=05-a", @o(B)=0s(ca)and putting down
the finishing touches, we get:

_jlfpo(g)k(b,%]dg =7AS,, X <1,1=(ap)™, (3.9)

* costu

k(b,t) =
(b0 gnju2+1

Using asymptotic representation for
Macdonad K,(t) at smal t, get the ideafor the

kernel k(b,t) in the form:

(3.6)

du + cy(b) .

k(bt) = —Inff|+ 3 at? + It X bt — () (3.7)
K=0 k=1

Write some first coefficients of

decomposition (3.7):
ay =0.1159+ ¢, (b),

a, = 0.2790, b, = -0.2500,

a, = 0.2525, b, = —0.01563.

Substituting (3.7) in (3.5) and drawing
the logarithmic part, here is the equation (3.5)
equivalent L, (-11), 1<p<2 to the integral

equation of the second kind [2]:
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@O(X) = ! > [Pﬂo - }V/,(T)—l_rzdf:l y (38)
mN1-X 4 7T=X
(7)dr
Pso = [0o()df = [¥ . (39
p0 j(ﬂo J.\/ﬁ
Here:
1 w
y(X)=Ad -1 I(”o(ég){ SAKE-*+
T4 K=0
+(Infg = x| - InA) x
x YA (E -0 - Co(b)}de‘ . (310
K=1

The solution to the equation (3.8) will be
looking for in the form of [3]:

po(x) =3 Z(/?., (x)A72Int 4. (3.11)

i=0j=0

Substituting the expression (3.11) in
(3.8) and equating members of the left and
right parts with identical grades 22 In! 4 will
have a number of relationships, of which
consistently  definep;(x).  Then,  from

equations (3.9) to find the valuep,, .

Thus, the asymptotic solution of integral
equation (3.5) can be represented in the form:

o0 =12 ma? s mt

zV1l—X
— (AL 2+ AAHXP + AP +0(170In% ),
Pyo = A8 4[ag — co(b) +IN22 +

+C A2 +C A +0(1%IN%0)

A1=(al+gbl—blln2ﬂ,), (3.12)

7 103 5
AZ:E 2 —bz+ bzlnzﬂ—ﬁby%

A, = 4(a, +éb2 b, In24) —%blAl,

Ay =—4(a2+ bZInZ/l)——blA1

Ci=a,+b —-blIn24,
C, :—%[Af _%a, +%b2 —bzln2/1]

Turning to have variables in the integral
equations b) and c) system (3.4) and
calculating the right parts, here is the integral
equationsin dimensionless variables:

l —
[k E=2)de = 7(0+ A), <1, (313)
]

1
Jqoz(é)k(b‘f X082 (s + 7pX 47X
]

IY<1. (3.19)
Here:
() =0qp(a), o= C1(b)5127f_1|32p/30 ,

Ay = ¢ (b)a’z 1Py, By = 1/2—%A1[2 +BA,
B, = —(ay + 2b, — b, IN21) + —~ by A
273 2t
9,2() =ape(Sa) ,

71 = a%[c2(0)a’S;Pyq + ¢y (D)(PpyBy + AviSe)l7

33 179
22 13

yo=—B(a,+ %, - bz|n2/1]+—b1/i

S, =—6(a, +— b2 b,In24) += blAi

3 lpatesat, s =3 2A0t st
A
8 4 2
S5=—§a2 —b2+—1b12+ b,In24
12 sat
S=7 12b1 S
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Applying to solve integra equations
(3.13) and (3.14) the same method to the
equation (3.5) we their solutions in the form
of:

() = —2 —[1- AL+ AAH = (A2 + AAT)XP +

N1-X

Cl(b)azpﬁo{ 5 .
— -1+ —bA+
z1-x? 12

%bl/l’z + AL+
2, 1 1o 4|4
+|=b A ——=(b, +=bf A" X" +
[3b1 5(b2 6bl }

+ AL+ O( I3 ) +

+ ALY+ (2-

+§(b2 +%bf)/1‘4x6 LO(A8In%A) (3.15)

Py = cl(b)aZPﬁo{Bz + % +Co(b) +C A% +

+%Ebﬁ& +9A7} x [ao —co(b) +In224 + 472 -
1

1 4
- (R -om)2 } ,
3,89, 3. 3
A5—5a2+4—0b2 20b_|_ 2b2|n2/1,

&={%2

A7=a2+%b2—bzln2/1.

61, 8.,
2=p, ——b2 ~3p,In24 |,
0% 150 ¥ )

Pﬁ‘Z -2 -4 -2 —4y,2
1+ AL+ A AT — (AL + AT )X+
Rl AT A CA A

+ AL O8I )+

92(X) =

S SO W P
ﬁ 72 273 4

5 7 ) 4 1 1
—Vo+—=V3 AT+ DA +| 2y, —y3) —4bi(=y, + =
X(S}/z 373j 1 [ (72 —73) b1(372 573)><

_ _ 1 3
x A2+ DAt X2 +[473 +§b1(272 —373)/1 2_

1(1 53 ). 2,
—g(gblz + sz(ll?’z +773j/1 4}(4 + [gbﬁfeﬂ 2+
1(1., 1 YV 4|6, 2(1>
+=|=bf +2 —=ya AT X0+ —| =b +2

S EL e A g EE TN

x 778 + O(A8In® )},

1 L [3
—ZA1(72+73)/12+[§b1273+

Pspo =7 +l +§
B2 71 272 873

+BA Cra o7 = A+ o)~ by %

1 25 .
(3y2+ay3) } x[a, - Co(0) ~In22 + C a7

-1

1 .2
—Z(A1—9A7)} ,

o [ 52 ]

{—%bl L As)]ygﬂ

o [2-(Znn ]

{—gtﬁ [19%2 +3A8)173ﬂ

A8=a2+%b2—bzln2/1.

Given the equation (3.2), (3.12) - (3.16)
and turning to the dimensiona variables. Get
the contact problems with accuracy to
memberso(x;®):

0 (X) = Gpo(X) +h 20, (X) + D, () +O(2 ). (3.17)

Note that the parameters 4, =ha™and
A= (ap)tarerelated by 4, = Ab.

4. Solution of contact problems for small
values of the parameter 2, = ha™

To construct asymptotic  solutions
integral  equation (2.1) the scheme is
applicable for small values of the method of
work [4].

Function L(u) depending on the required
accuracy will approximate expressions of the
form (2.3) - (2.5), in which instead of the
constant B, C, D, V, F and G will be
coefficients B(b), C(b), D(b), V(b), F(b) and
G(b) depend on the b.

Consider together with equation (2.1) the
auxiliary eguation:

fqﬂ —(E)k(b,9dE = 7AS4(X) ,—0 < x<a, (4.1)
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(4 (Kb, 9dE = 105, (3, —asx<co, (4.2)
[y (@K 9z= 05,0, <o . (43)

Solution of equations (4.1) and (4.2) can
be produced by Wiener-Hopf, equation (4.3) -
the use of theorems on the packages for the
Fourier transform.

Omitting the intermediate calculations
we obtain for the case 5,(x) =5, = const under

(1.9) [4], the Chief member of the asymptotic
of solutions of the equation (2.1).

)= ol bt ) (49
Here:
A A2 g D)t
p(b,t) = . A(b)[ (b)erf,/D(bH }(45)

Substituting (4.5) in (4.4) we get:

—B(b) 1+x
1+x A(b)e
_ B(b
9509 = hA(b){ | () J 1+x
B(b) ]
+erf /B(b) , JAbe . (4.6)

\/ 1-x x
Using (3.5) defines P;[4]:

Py = A5, [A (0) - § + S,e 807 |, 5 = % (4.7)

_po-Jem]

B?(b)

5 - JCORBO - [T 5

B%(b)

In formulas (4.5)-(4.7) approximation
has been used:

x/u +B(b) | B(b)
LW ="0 +Cc) ciry O (48

Decomposing the kernel functionL(u) in

the ranks of the smal v(u=+v*+b* and

eguating coefficients under identical degrees v
to find the coefficients of the regression
function in the kernel.

In the case of the layer, the core without
friction on the hard ground will have:

B(b) = [— A2(b) + A4 (D) + A(b)B.I.(b):|B.IT1(b) )

C(b) = B()A™(b),

ch2b-1

by=—— — |
Ab) b(sh2b + 2b)

4b?sh2b — (ch2b —1)(sh2b + 2b)

. (4.
b3(sh2b + 2b)? (4.9

B (b) =

You can find these coefficients is much
easier:
b®+D ,

B2(b)=b®>+B, C(b)=b%+C, D(b)=

V(b)=b*+V, F(b)=b?>+F, G(b) =b*+G. (4.10)

Hee B, C, D, V, F, G-ratos
approximating functions of flat tasks found in
[4].

Table coefficientsA(b), C(b), B(b) for
approximating functions (4.8) with different
values of the parameter b formulas (4.9) and
(4.10). Calculation formulas (4.10)B=1,C=
2.

Table. Computation of coefficients of approximate
function

A(D) B(b) C(b)
@9 | (410) | (49) | 410) | (49)

0.25 | 05000 | 0.5000 | 1.0066 | 1.0308 | 2.0625
05 | 04993 | 0.4969 | 1.0230 | 1.1180 | 2.2500
0.75 | 0.4969 | 0.4878 | 1.0539 | 1.1500 | 2.5625
1.00 | 0.4909 | 0.4714 | 1.2007 | 1.4142 | 3.0000
1.25 | 04802 | 0.4493 | 1.1667 | 1.6008 | 3.5625
150 | 0.4644 | 0.4242 | 1.2547 | 1.8028 | 4.2500
1.75 | 04440 | 0.3981 | 1.3673 | 2.0156 | 5.0625
2.00 | 04204 | 03727 | 1.5061 | 2.2361 | 6.0000

b

(4.10)
2.0114
2.1487
2.1811
2.2423
2.4292
2.7018
3.0795
3.5825
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CONCLUSIONS

1. Recelved two-dimensional integral

equations that describes the contact problems.

2. Investigated the properties of kernels

of integral equations.

3. Found simple asymptotic expression

for determination of contact normal stress for
the entire range of parameter 1, = h/a.

10.

11

12.
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ITPOCTPAHCTBEHHBIE KOHTAKTHBIE 3AJJAYN
JJIA YITPYTOI'O CJIOA B CIIYUAE ITOJIOCOBOU
OBJIACTHN KOHTAKTA

Banepuii Cmapuenxo, Bauecnae bypsx

AHHOTanu4. B pabore paccMaTpHUBarOTCS
MIPOCTPAHCTBCHHBIE  KOHTAaKTHBIE  3aJadydl  TEOPHH
YOPYrocTH O BJABIMBAaHWM IIOJIOCOBOTO  INTamIia
IIMPUHEl 22 B YIPYTHid CIIOH KOHEYHOH TONMIHHEL h:
nexarmuii 6e3 TpeHus Ha JKECTKOM OCHOBAHUH H KECTKO
COCTMHEHHBIH ¢ HeAeQOPMHUPYEMBIM OCHOBaHHEM.
®dopma OCHOBaHHSA IITaMMa SIBISIETCS (YHKIHEH IBYX
mepeMeHHhX X W Y, mpuuéM |y|<oo. [lramm

BJIIaBJIMBAETCS B CJION CHIONW P, OTHECEHHOM K €IMHMUIIE
JUIMHBI, ¥ MoMmeHTamu M, u M, IlomyueHs
ACUMIITOTUYECKUE  BBIPQKEHUS JUIS  ONPEJCIICHUS
KOHTAKTHBIX HOPMAJIbHBIX HAMPSHKEHUN MOJT IITAMIIOM.

KnroueBrle cmoBa: ympyruil cioi, ympyroe
MOJYIIPOCTPAHCTBO, HMHTETPAILHOE TMPEoOpa30OBaHME,
HOpMaJibHble KOHTAKTHbIE HANpsOKEHUs, >KECTKUN
[ITaMII.



