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Abstract: Within the framework of this work an attempt has been made to solve two problems: analyze regularity of 
space construction of the morphological structures associated with thermokarst; analyze regularity of dynamics of the 
morphological structures associated with thermokarst. In our work we use a method of mathematical morphology of a 
landscape. Investigation was carried out for three parcels in Siberia. The analysis has shown that a number of deductions of 
proposed mathematical model for thermokarst lake plains, in general are being corroborated by empirical data.
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Intoduction

As a rule, the frozen ground processes including those in a stage of stabilization or attenuation become more 
active under technogenic intervention and climatic changes, receiving a new impulse. And even more, they 
can reach higher degrees of intensity in their development. Besides other processes arise, which were not 
developed earlier on the territory. 
Thermokarst is one of geocryological processes especially sensitive to anthropogenic intervention and climatic 
changes. Thermokarst is a process of formation of the closed depression landforms as a result of degradation 
of the soils containing ice. 
One of the important problems is to find out principles of distribution and dynamics of thermokarst development 
with the purpose of forecast of environment changes.
Many researches studied thermokarst processes (e.g. Zolotarev, 1983; Burn, 1990 and others), but statistical 
methods are less studied, in particular we may tell it about analysis of quantitative aspects of thermokarst 
processes.
The purpose of this work is to study regularity of structure and spatial dynamics of the morphological structures 
associated with thermokarst process.
Within the framework of this work an attempt has been made to solve two problems:
- analyze the spatial regularity of morphological structures associated with thermokarst;
- analyze the regularity of dynamics of morphological structures associated with thermokarst.

Method

In our work we use a method of mathematical morphology of a landscape - a branch of landscape science, 
investigating quantitative laws of landscape mosaics and methods of the mathematical analysis of these 
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mosaics. (e.g. Victorov, 1998).
The theoretical basis of mathematical morphology of a landscape is formed by mathematical models of 
morphological structures – the quantitative dependences describing the basic properties of morphological 
structures. Canonical initial mathematical models play a special role in mathematical morphology of a landscape. 
They deal with the patterns developed in uniform conditions, that is, at a constancy of major factors of landscape 
differentiation. Mathematical models of morphological structures of a certain genetic type are referred to as 
canonical if they are formed under the action of the same process in homogeneous natural conditions, i.e. of 
simple landscape pattern. 
The further combination of such models, in view of the interaction of processes, allows us to describe the variety 
of morphological patterns developed under diverse combinations of natural conditions. Also basic equations do 
not depend on a lot of particular conditions, for example, a material structure of surface sediments, climate, etc. 
Thus, the model allows us to examine the problems in general, i.e., obtaining a solution fair for a broad spectrum 
of natural geographical conditions.
One of the basic processes leading to thermokarst lake plane development is a process originating thermokarst 
depressions. Generation of depressions occurs under a complex of factors, the most important of them is 
accumulation of some critical water volume after which an irreversible process of degradation of permafrost 
begins (e.g. Perlstein, 2005).
Following origination of thermokarst depression, the growth of its depth and dimension occurs due to thermal 
abrasion and other processes accompanied by permafrost degradation alongside flanges, inducing their 
caving.
We can imagine an appearance that may present a “perfect” area with thermokarst lakes in conformity with 
postulates of canonical initial models. It will be a territory uniform in landscape with round lakes, almost without 
any erosion. In real conditions we can find it in plane watersheds.
Mathematical models of thermokarst lakes are based on the following assumptions:
a) Process of origination of new depressions is probabilistic and goes  independently on disjoint areas
b) The probability of origination of one depression on a sample area depends only on area size and on time 
interval. And this probability is much greater, than probability of origination of several depressions.
c) Growth rate of depressions due to thermal abrasion occurs independently from each other, it is directly 
proportional to heat stocks in a lake and inversely proportional to the area of a lateral surface of the lake basin 
under water level.
d) The volume of water body in a lake fluctuates slightly from year to year.
After the analysis of the data the probabilistic mathematical dependences reflecting the most essential 
geometrical properties of a pattern for territories with thermokarst processes have been developed by A.S. 
Viktorov (1998, 2006). The obtained expressions include:
- Probabilistic distribution of a number of thermokarst lakes, which have appeared within a specified site during 
the given time interval (Poisson process).

,

 where: γ – is an average of the depressions appearing on unit area for unit time; s – is a size of 
             a test site; t – is a time.

-Probabilistic distribution of changes of thermokarst lake areas (Winer random process relative to logarithms 
of areas)

where α, σ - are distribution parameters, t - is lake age.
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Results
The first task of our work was to analyze the spatial regularity of the morphological structures associated with 
thermokarst. 
It follows from the model that at any time lake diameters should follow a lognormal distribution, given that 
lakes originated over a comparatively short period of time and if the spread in sizes of primary depressions is 
considered small. This deduction has been verified over series of reference parcels (figure 1). Space images 
have been used as a source of information on morphological structure.

Remote sensing and ...

Fig. 1. Parcels layout

At a choice of parcels we were guided by morphological uniformity of a parcel and availability of data of remote 
sensing for the given area. Parcels should be uniform both in a microstructure and background phototone and 
as to location and form of lakes. For our investigation we use the following remote sensing data:
- from satellite Landsat with spatial resolution 28,5 m and 14,5m;
- from satellite IRS with spatial resolution 5,8 m.
The researches were carried out on the basis of parcels, which are placed:
- in Khanty - Mansy autonomous region in a river Valoktayagun valley of the Middle Ob lowland  (figure. 2a) 
- in the West Siberian plain, on the Pjakupur River (figure. 2b, 2c).

Fig. 2.  Examples of images of termokarst lake plans (remote sensing data)

a
b c



These are undulating tundra surfaces with numerous round thermokarst lakes within mid Quaternary deposits. 
The check was performed by the following methodology: the studied parcels were calculated using the specially 
developed program Vektorizator (by А.А.Victorov). 
Water surface of the lakes is contrast to the environment and is well identifiable visually. So the Vektorizator 
reduces it to binary form without geometry data of lakes loss. After that the operator on an amplified fragment 
of the image can outline the lake border in semi-automatic mode. Then the program will automatically calculate 
with a high degree of accuracy a diameter, area, perimeter, centre of gravity and other parameters of the 
contour.
The program was applied to repeated spatial images for the same areas. Graphs were plotted showing the 
relationship of empirical and theoretical distributions of lake areas (figure 3).
The conformity of theoretical and empirical distributions was determined by Pearson’s criterion (tab. 1).
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Fig. 3.  Relationship of empirical (histogram) and 
theoretical (red line) distributions of areas of 
thermokarst lakes in parcel 1

Table 1. Conformity of theoretical and empirical distributions

Parcels (year) χ2 № of degrees of freedom Critical value χ2 on the level 0,95 (0,99)

Parcel 1 (2005) 6.91 6 12.59 (16.81)
Parcel 2 (2007) 15.24 6 12.59 (16.81)
Parcel 3 (2001) 3,10 5 11.07 (15.09)

We found good conformity between theoretical and experimental data. This implies that for the selected parcels 
a lognormal distribution of areas is acceptable. 
The analysis of model shows also, that at a specific moment of time the location of lakes should follow a Poisson 
distribution. This deduction does not depend on assumptions about uniform or non-uniform in generation of 
lakes over time. On the same reference parcels the distribution of centers of thermokarst lakes was analyzed.
For this purpose a region with lakes was outlined, and the quantity of lake centers on a random field (in this case 
– a circle) of a constant size was calculated in the program Vektorizator. The position of fields was defined with 
the help of 100 runs of a random-number generator. The statistical distributions of lake centers were obtained. 
For each parcel several experiments were made with circles of different area. Distribution graphs were plotted, 
their parameters were obtained and conformity to a Poisson distribution (tab. 2) was determined. 
We found good conformity between theoretical and experimental data too. 
The second task was to analyze the regularity of dynamics of the morphological structures associated with 
thermokarst. From the model of Victorov (2006), an increment of logarithms of lake areas for any specific period 
should follow a normal distribution. This study was carried out on a sections №№ 1 and 5 of the West Siberian 
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Plain, in the region of the Pjakupur and Vingapur Rivers. 
Materials from different satellites (Landsat, IRS) and different periods were used for research. For a parcel №1: 
1988 (with space resolution 28,5 m), 2001 (with space resolution 14,5 m) and 2005 (with space resolution 5,8 
m).
For a parcel №3: 1987 (with space resolution 28,5 m), 2001 (with space resolution 14,5 m) and 2007 (with 
space resolution 5,8 m).)
For this task we also used the program Vektorizator. We select lakes within special polygon using remote 
sensing data of each year. Then we extract data about lake areas and compare it. After calculating the lake 
areas (in the program Statistics) values of a theoretical distribution function and conformity of theoretical and 
empirical distributions by Pearson’s criterion were determined (tab. 3, 4). 

Table 2.

Parcels 
(year)

Field size 
(pixel)

Circle 
size 

(pixel)
λ χ2 

Number of 
degrees 

of freedom

Critical value χ2 on 
the level 0.95 (0.99)

Parcel 1 
(2005) 521х580 

70 1.28 1.12 2 5.99 (9.21)
90 1.76 0.41 3 7.82 (11.34)
119 3.25 6.35 4 9.49 (13.28)

Parcel 2 
(1973) 541х77 

114 19.87 12.35 11 19.68 (24.73) 
87 10.83 4.89 4 9.49 (13.28) 
68 9.15 8.25 9 16.92 (21.67) 

Parcel 3 (2007) 1022х1595
337 2.58 0.91 4 9.49 (13.28)
316 1.99 9.73 4 9.49 (13.28)
199 0.89 1.54 2 5.99 (9.21)

Table 3. The empirical-to-theoretical lognormal distribution correspondence for parcel No.1

Year χ2 № of degrees of freedom Critical value χ2 at the level 0.95 (0.99)

(2001-1988) 9,49 2 5.99 (9.21)

(2005-2001) 18,35 6 12,59 (16,81)

(2005-1988) 23,04 2 5.99 (9.21)

Table 4. Table of empirical-to-theoretical lognormal distribution correspondence for parcel No.3

Year χ2 № of degrees of freedom Critical value χ2 at the level 0.95 (0.99)

2001-1987 3,66 1 3,84 (6,64)

2007-2001 16,57 1 3,84 (6,64)

2007-1987 4,79 1 3,84 (6,64)

Graphs of distribution of increments of logarithms of lake areas for different periods are similar to lognormal 
ones (figure. 4), however (tab.3, 4), the use of criterion hi-square points out considerable deviations for smaller 
time intervals (17, 14, 13, 6 and 4 years) and the consent with distribution for bigger interval (20 years). It may 
account for the fact that at small time intervals we may speak about changes of a water table instead of a lake 
basin, for which other model will work.

Remote sensing and ...



Conclusions

Thus a number of deductions from the proposed mathematical model for thermokarst lake plains are in general 
corroborated by empirical data. 
The adequate description of development of thermokarst lake plains is a synthesis of two models: the first 
describing lake basin dynamics under the influence of permafrost degradation and the basic tendencies of 
change of water table area for big time intervals, and the second – describing the table area dynamics for short 
time span (other set of factors).
These conclusions have essential practical value. The researches broadly confirm the validity of the model, 
which in turn permits forecasting of risks for linear, areal, and point objects (e.g. Victorov, 2006).
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Fig. 4. Relationship of empirical (histogram) and 
theoretical (red line) distributions of areas of 
thermokarst lakes in 20 year interval


