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Summary 

This paper deals with the construction of some three-factorial experiments carried out in in-
complete split-plot designs in which the levels of factors occur as treatments in BIB designs. We 
consider two cases. In the first case, the levels of factor A are distributed on the whole plots and 
the combination levels of factors B and C are distributed on the subplots. In the second case, the 
combination levels of factors A and B are distributed on the whole plots and the levels of factor C 
are distributed on the subplots. In this paper, the efficiency factors for the main effects of factors 
and their interaction effects in the inter-block stratum, inter-whole plots stratum and inter-subplots 
stratum in both cases are given.  
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1.  Introduction 

Let us consider a three-factorial experiment of split-plot type in which factor A 
occurs on 1v  levels: 1A , 2A , ..., ,

1
A v  factor B on 2v  levels: 1B , 2B , ..., 

2
Bv  
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and factor C occurs on 3v  levels: 1C , 2C , ..., 
3

Cv . In this paper, levels are 

distributed in the same way as treatments in balanced incomplete block (BIB) 
designs. We consider two cases: 
(i)  the levels of factor A are distributed on the whole plots and the combination 

levels of factors B and C are distributed on the subplots,  
(ii) the combination levels of factors A and B are distributed on the whole plots 

and the levels of factor C are distributed on the subplots. 
Case (i) was considered by Brzeskwiniewicz and Krzyszkowska (2006).  

Let a population of experimental units in an environment be divided into b 
blocks and let each block be additionally divided into: 1k  whole plots while 

each whole plot is divided into 32kk  subplots (case (i)), or 21kk  whole plots 

while each whole plot is divided into 3k  subplots (case (ii)).  

In the next section, we are going to give some basic information about BIB 
designs and about block designs with incidence matrices equal to the Kronecker 
product of three incidence matrices of BIB designs. In the third section, the 
method of the construction of these split-plot experiments and the formulae for 
the efficiency factors for the main effects and interaction effects are given. 
Catalogue of these designs for 42 ≤≤ r  and 82 ≤≤ k  with 30≤v  is in-
cluded in the fourth section, where r is the number of treatment combination 
replications, k is the block size and v is the number of treatment combinations. 
The fifth section shows an example, and in the sixth section, conclusion with 
discussion are presented.  

2. Preliminaries 

We are going to use the notion of BIB designs as in  
Definition 2.1. (see e.g. Raghavarao, 1971). A balanced incomplete block de-
sign (BIB) is an arrangement of ∗v  treatments in ∗b  blocks of sizes ∗k  such 
that every treatment occurs ∗r  times and every pair of distinct treatments is 
contained in exactly ∗λ  blocks. The numbers ∗v , ∗b , ∗r , ∗k  and ∗λ  are called 
the parameters of BIB design.   

Let 
∗∗

∗∗
∗

−
=

kr

r
d

λ
 and let ∗N  be the incidence matrix of the above BIB de-

sign. Then, ( ∗N , ∗N ) is also incidence matrix of BIB design with parameters 

∗∗∗ = vv , ∗∗∗ = bb 2 , ∗∗∗ = rr 2 , ∗∗∗ = kk  and ∗∗∗ = λλ 2  and  
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 ∗
∗∗

∗∗

∗∗∗∗

∗∗∗∗
∗∗ =

−
=

−
= d

kr

r

kr

r
d

λλ
.  (2.1)  

Note that: for classical BIB design (i.e. design with ∗r  > ∗λ  >0) we have  

0 < ∗d  < 1, for design in which ∗∗ = bv , 1== ∗∗ kr , 0=∗λ  (i.e. 
∗

=∗ vIN ) 

we have 1=∗d  and for design in which ∗∗ = kv , ∗== ∗∗ λbr , (i.e. 

∗∗
=∗ bvJN ) or ∗∗ = kv , 1=== ∗∗∗ λbr , (i.e. 

∗
=∗ v1N ) we have 0=∗d .  

Ceranka and Goszczurna (1994) give a complete list of incidence matrices 

of BIB design for ∗v <20, ∗r ≤ 15, 2≤ ∗k ≤ ∗v /2, 0>∗λ  and an additional 

remark about the construction of the designs with ∗v /2 < ∗k  < ∗v −1.  

Theorem 2.1. Let AN , BN , CN  be incidence matrices of BIB designs with 

parameters 1v , 1b , 1r , 1k , 1λ ; 2v , 2b , 2r , 2k , 2λ ; and 3v , 3b , 3r , 3k , 3λ , 

respectively. Then, block design with incidence matrix 

 CBA NNNN ⊗⊗=1   (2.2) 

has the following parameters: 321 vvvv = , 321 bbbb = , 321 rrrr = , 321 kkkk =  

and their association matrix ''''
11 CCBBAA NNNNNNNN ⊗⊗=  has eigenvalues 

equal to: rk=ρ0 ; ( )3322111 λ−=ρ rkrkr ; ( ) 3322112 krrkr λ−=ρ ; 

( ) 3322114 krkrr λ−=ρ ; ( ) ( )3322115 λ−λ−=ρ rkrr ; ( )( )3322113 λ−λ−=ρ rrkr  

( )( ) 3322116 krrr λ−λ−=ρ ; ( )( )( )3322117 λ−λ−λ−=ρ rrr  with multiplic-

ities: 1, 13 −v , 12 −v , ( )( )11 32 −− vv , 11 −v , ( )( )11 31 −− vv , ( )( )11 21 −− vv , 

( )( )( )111 321 −−− vvv , respectively.  

3. Results 

In the planning experiments carried out in some split-plot designs, two in-
cidence matrices: 1N  and 2N  are of great importance. Let 1N  be the (v × b) 
incidence matrix with respect to blocks, then its (i, j)-element indicates how 
many times the i-th (i = 1,2,..., v) combination of levels of three factors occurs 
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in j-th block (j = 1, ..., b). In this paper, 1N  has the form of (2.2), and therefore, 

321 vvvv =  and 321 bbbb = . Let 2N  be the (v × fb) incidence matrix with re-

spect to whole plots (inside each block), then, its (i, l)-element indicates how 
many times the i-th combination of levels of three factors (i = 1,2, ..., v) occurs in 
l-th whole plot (l = 1, 2,..., fb), when 1kf =  in case (i) or 21kkf =  in case (ii).  

For the purpose of observation, we assume after Mejza, Mejza (1984) and 
Mejza (1986) the randomization linear mixed model. The overall analysis of 
variance for this experiment is split into so called stratum analyses. These strata 
are connected with the variability among blocks inside the total experiments, 
among the whole plots inside blocks and among subplots inside whole plots.  

 
Case (i) 
Information matrices in these strata are, respectively: 

vv

r

k
JNNC −′= 111

1
, 

 1122
2

2
11

NNNNC ′−′=
kk

, (3.1) 

22
2

3
1

NNIC ′−=
k

r v . 

The efficiency factors for the contrasts connected with main effects of A, 
B, C and interaction effects A × B, A × C, B × C and A × B × C in t-th stratum 

(t=1,2,3) are equal to 
r
it

it
µε = , respectively, where itµ  is i-th non-zero ei-

genvalue of Ct. The order of i = 1,2,…,7 corresponds to: main effect of the fac-
tor C, main effect of the factor B, interaction effect of B×C, main effect of the 
factor A, interaction effect of A×C, interaction effect of A×B, interaction effect 
of A×B×C, respectively. Formulae for itµ  are presented (similarly as in 

Brzeskwiniewicz, Krzyszkowska, 2001), below. Formula for C1 in (3.1) implies 

that 
k
i

i
1

1
ρµ = , (i=1,...,7) are eigenvalues of C1, when 1iρ  are the same as iρ  

in Theorem 2.1. For finding eigenvalues of C2 and C3, we consider eigenvalues 
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of 22NN ′ . It can be seen that CBrv NN1IN ⊗⊗′⊗=
112  and 

CCBBvr NNNNINN ′⊗′⊗=′
1122 .  

Then, eigenvalues of 22NN ′  are equal to: 5212 ρρ = ( )33221 λ−= rkrr ; 

6222 ρρ = ( ) 33221 krrr λ−= ; 7232 ρρ = ( )( )33221 λλ −−= rrr ; 

4202 ρρ =  33221 krkrr= .  

Therefore, 12
2

12
2

2
111

iiiii kkk
µρρρµ −=−=  and 2

2
3

1
ii k

r ρµ −= .  

From the formulae for itµ , we obtain efficiency factors itε  for respective 

stratum effects which satisfy the inequality 10 ≤≤ itε . They are important, 

since generally they show which contrasts are estimable (if 0≠itµ ) and with 

how high efficiency factors in two or three strata. Then, we can select for the 
analysis of variance this stratum, where the corresponding itε  is the highest.  

 

Note that the efficiency factors in case (i) are equal:  
in the first stratum: 

3
)1(

11 d=ε , 2
)1(

21 d=ε , 32
)1(

31 dd=ε , 1
)1(

41 d=ε , 31
)1(

51 dd=ε , 21
)1(

61 dd=ε , 

321
)1(

71 ddd=ε , 

in the second stratum: 

=)1(
12ε =)1(

22ε 0)1(
32 =ε , 1

)1(
42 1 d−=ε , ( )13

)1(
52 1 dd −=ε , ( )12

)1(
62 1 dd −=ε , 

( )132
)1(

72 1 ddd −=ε ,  

in the third stratum:  

3
)1(

53
)1(

13 1 d−== εε ’ 2
)1(

63
)1(

23 1 d−== εε , 32
)1(

73
)1(

33 1 dd−== εε , 0)1(
43 =ε , 

where 
ii

ii
i kr

r
d

λ−
= , i = 1,2,3.  

 
Case (ii) 
In this case, information matrices in the strata are, respectively 
 

vv

r

k
JNNC −′= 111

1
, 
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1122
21

2
11

NNNNC ′−′=
kkk

, 

22
21

3
1

NNIC ′−=
kk

r v . 

It can be seen that Crrvv N1IN ⊗′⊗=
21212  and 

CCvvrr NNINN ′⊗=′
212122 . Then, eigenvalues of 22NN ′  are equal to: 

( )3321
)2(

12 λρ −= rrr , 3321
)2(

22 krrr=ρ , ( )3321
)2(

32 λρ −= rrr , 

3321
)2(

42 krrr=ρ , ( )3321
)2(

52 λρ −= rrr , 3321
)2(

62 krrr=ρ , ( )3321
)2(

72 λρ −= rrr  

with multiplicities in , i = 1,..., 7.  

From the above formulae, we obtain efficiency factors, similarly as in case (i):  
in the first stratum:  

)1(
1

)2(
1 ii εε = ,  i = 1,..,7,  

in the second stratum: 

0)2(
12 =ε , 2

)2(
22 1 d−=ε , ( )23

)2(
32 1 dd −=ε , 1

)2(
42 1 d−=ε , 

( )13
)2(

52 1 dd −=ε , 21
)2(

62 1 dd−=ε , ( )213
)2(

72 1 ddd −=ε ,  

in the third stratum: 

3
)2(

73
)2(

53
)2(

33
)2(

13 1 d−==== εεεε , 0)2(
63

)2(
43

)2(
23 === εεε .  

4. Catalogue of split-plot designs with three factors 

In table 1, we present parameters of split-plot designs considered in this paper for 
30≤v , ≤≤ r2  4, ≤≤ k2 8 with efficiency factors ijε  (omitted (1) in ca-se (i) 

and omitted (2) in case (ii)). Symbols 1, 2, 3, 4, 5 denote classical BIB designs (see 
Ceranka, Goszczurna, 1994) with following numbers of treatments in blocks:  
(1,2), (1,3), (2,3) for symbol 1,  
(1,2), (1,3), (2,3), (1,2), (1,3), (2,3) for symbol 2,  
(1,2), (1,3), (1,4), (2,3), (2,4), (3,4) for symbol 3,  
(1,2), (1,3), (1,4), (1,5), (2,3), (2,4), (2,5), (3,4), (3,5), (4,5) for symbol 4,  
(1,2,4), (1,3,7), (1,5,6), (2,3,5), (2,6,7), (3,4,6), (4,5,7) for symbol 5.  
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Table 1. Parameters and efficiencies of split-plot designs 
 

  Case (i)    Case (ii)    
        εεεε11 εεεε21 εεεε31 εεεε41 εεεε51 εεεε61 εεεε71 εεεε11 εεεε21 εεεε31 εεεε41 εεεε51 εεεε61 εεεε71 

no. NA NB NC v b r k εεεε12 εεεε22 εεεε32 εεεε42 εεεε52 εεεε62 εεεε72 εεεε12 εεεε22 εεεε32 εεεε42 εεεε52 εεεε62 εεεε72 
        εεεε13 εεεε23 εεεε33 εεεε43 εεεε53 εεεε63 εεεε73 εεεε13 εεεε23 εεεε33 εεεε43 εεεε53 εεεε63 εεεε73 

1 1 I2 12 12 6 2 4 0 1 0 0,25 0 0,25 0 0 1 0 0,25 0 0,25 0 

        0 0 0 0,75 0 0,75 0 0 0 0 0,75 0 0,75 0 

        1 0 1 0 1 0 1 1 0 1 0 1 0 1 

2 2 I2 12 12 12 4 4 0 1 0 0,25 0 0,25 0 0 1 0 0,25 0 0,25 0 

        0 0 0 0,75 0 0,75 0 0 0 0 0,75 0 0,75 0 

        1 0 1 0 1 0 1 1 0 1 0 1 0 1 

3 3 I2 12 16 12 3 4 0 1 0 0,33 0 0,33 0 0 1 0 0,33 0 0,33 0 

        0 0 0 0,67 0 0,67 0 0 0 0 0,67 0 0,67 0 

        1 0 1 0 1 0 1 1 0 1 0 1 0 1 

4 1 I3 12 18 9 2 4 0 1 0 0,25 0 0,25 0 0 1 0 0,25 0 0,25 0 

        0 0 0 0,75 0 0,75 0 0 0 0 0,75 0 0,75 0 

        1 0 1 0 1 0 1 1 0 1 0 1 0 1 

5 1 13 I2 18 6 2 6 1 0 0 0,25 0,25 0 0 1 0 0 0,25 0,25 0 0 

        0 0 0 0,75 0,75 0 0 0 1 1 0,75 0,75 1 1 

        0 1 1 0 0 1 1 0 0 0 0 0 0 0 

6 I3 J2 1 18 18 4 4 0,25 0 0 1 0,25 0 0 0,25 0 0 1 0,25 0 0 

        0 0 0 0 0 0 0 0 1 0,25 0 0 1 0,25 

        0,75 1 1 0 0,75 1 1 0,75 0 0,75 0 0,75 0 0,75 

7 I2 1 1 18 18 4 4 0,25 0,25 0,06 1 0,25 0,25 0,06 0,25 0,25 0,06 1 0,25 0,25 0,06 

        0 0 0 0 0 0 0 0 0,75 0,19 0 0 0,75 0,19 

        0,75 0,75 0,94 0 0,75 0,75 0,94 0,75 0 0,75 0 0,75 0 0,75 

8 I2 13 2 18 12 4 6 0,25 0 0 1 0,25 0 0 0,25 0 0 1 0,25 0 0 

        0 0 0 0 0 0 0 0 1 0,25 0 0 1 0,25 

        0,75 1 1 0 0,75 1 1 0,75 0 0,75 0 0,75 0 0,75 

9 12 1 1 18 9 4 8 0,25 0,25 0,06 0 0 0 0 0,25 0,25 0,06 0 0 0 0 

        0 0 0 1 0,25 0,25 0,06 0 0,75 0,19 1 0,25 1 0,25 

        0,75 0,75 0,94 0 0,75 0,75 0,94 0,75 0 0,75 0 0,75 0 0,75 

10 I2 12 4 20 20 4 4 0,38 0 0 1 0,38 0 0 0,38 0 0 1 0,38 0 0 

        0 0 0 0 0 0 0 0 1 0,38 0 0 1 0,38 

        0,63 1 1 0 0,63 1 1 0,63 0 0,63 0 0,63 0 0,63 

11 I4 12 1 24 12 2 4 0,25 0 0 1 0,25 0 0 0,25 0 0 1 0,25 0 0 

        0 0 0 0 0 0 0 0 1 0,25 0 0 1 0,25 

        0,75 1 1 0 0,75 1 1 0,75 0 0,75 0 0,75 0 0,75 

12 I2 14 1 24 6 2 8 0,25 0 0 1 0,25 0 0 0,25 0 0 1 0,25 0 0 

        0 0 0 0 0 0 0 0 1 0,25 0 0 1 0,25 

        0,75 1 1 0 0,75 1 1 0,75 0 0,75 0 0,75 0 0,75 

13 I3 12 3 24 18 3 4 0,33 0 0 1 0,33 0 0 0,33 0 0 1 0,33 0 0 

        0 0 0 0 0 0 0 0 1 0,33 0 0 1 0,33 

        0,67 1 1 0 0,67 1 1 0,67 0 0,67 0 0,67 0 0,67 
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c.d. tab. 1 
 

14 I2 13 3 24 12 3 6 0,33 0 0 1 0,33 0 0 0,33 0 0 1 0,33 0 0 

        0 0 0 0 0 0 0 0 1 0,33 0 0 1 0,33 

        0,67 1 1 0 0,67 1 1 0,67 0 0,67 0 0,67 0 0,67 

15 I4 J2 1 24 24 4 4 0,25 0 0 1 0,25 0 0 0,25 0 0 1 0,25 0 0 

        0 0 0 0 0 0 0 0 1 0,25 0 0 1 0,25 

        0,75 1 1 0 0,75 1 1 0,75 0 0,75 0 0,75 0 0,75 

16 I2 14 2 24 12 4 8 0,25 0 0 1 0,25 0 0 0,25 0 0 1 0,25 0 0 

        0 0 0 0 0 0 0 0 1 0,25 0 0 1 0,25 

        0,75 1 1 0 0,75 1 1 0,75 0 0,75 0 0,75 0 0,75 

17 I3 13 1 27 9 2 6 0,25 0 0 1 0,25 0 0 0,25 0 0 1 0,25 0 0 

        0 0 0 0 0 0 0 0 1 0,25 0 0 1 0,25 

        0,75 1 1 0 0,75 1 1 0,75 0 0,75 0 0,75 0 0,75 

18 I3 1 1 27 27 4 4 0,25 0,25 0,06 1 0,25 0,25 0,06 0,25 0,25 0,06 1 0,25 0,25 0,06 

        0 0 0 0 0 0 0 0 0,75 0,19 0 0 0,75 0,19 

        0,75 0,75 0,94 0 0,75 0,75 0,94 0,75 0 0,75 0 0,75 0 0,75 

19 I3 13 2 27 18 4 6 0,25 0 0 1 0,25 0 0 0,25 0 0 1 0,25 0 0 

        0 0 0 0 0 0 0 0 1 0,25 0 0 1 0,25 

        0,75 1 1 0 0,75 1 1 0,75 0 0,75 0 0,75 0 0,75 

20 I2 12 5 28 14 3 6 0,22 0 0 1 0,22 0 0 0,22 0 0 1 0,22 0 0 

        0 0 0 0 0 0 0 0 1 0,22 0 0 1 0,22 

        0,78 1 1 0 0,78 1 1 0,78 0 0,78 0 0,78 0 0,78 

21 I5 12 1 30 15 2 4 0,25 0 0 1 0,25 0 0 0,25 0 0 1 0,25 0 0 

        0 0 0 0 0 0 0 0 1 0,25 0 0 1 0,25 

        0,75 1 1 0 0,75 1 1 0,75 0 0,75 0 0,75 0 0,75 

22 I5 J2 1 30 30 4 4 0,25 0 0 1 0,25 0 0 0,25 0 0 1 0,25 0 0 

        0 0 0 0 0 0 0 0 1 0,25 0 0 1 0,25 

        0,75 1 1 0 0,75 1 1 0,75 0 0,75 0 0,75 0 0,75 

23 I3 12 4 30 30 4 4 0,38 0 0 1 0,38 0 0 0,38 0 0 1 0,38 0 0 

        0 0 0 0 0 0 0 0 1 0,38 0 0 1 0,38 

        0,63 1 1 0 0,63 1 1 0,63 0 0,63 0 0,63 0 0,63 

24 I2 13 4 30 20 4 6 0,38 0 0 1 0,38 0 0 0,38 0 0 1 0,38 0 0 

        0 0 0 0 0 0 0 0 1 0,38 0 0 1 0,38 

        0,63 1 1 0 0,63 1 1 0,63 0 0,63 0 0,63 0 0,63 

 

Table of split-plot designs for ≤v  50, ≤≤ r2 10, ≤≤ k2 10 with effi-

ciency factors )1(
ijε  are presented by Brzeskwiniewicz and Krzyszkowska 

(2006). From (2.1), it follows that many designs can have the same parameters 
and efficiency factors. For example, the design no. 22 in table 1 has the same 
parameters and efficiency factors as split-plot design with 5IN =A  

( == 11 bv 5, == 11 kr 1, =1λ 0), 21N =B  ( == 22 kv 2, === 222 λrb 1) 
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and 













=

110110
101101
011011

CN  ( =3v 3, =3b 6, =3r 4, =3k 2, =3λ 2). In 

table 1, for the same parameters and efficiency factors, only one design is pro-
posed.  

5. Example 

We consider design no. 9 in table 1 with parameters v = 18, b = 9, r = 4,  
k = 8. To construct the incidence matrix of this design, we use matrix 21  and 
the incidence matrix of the design BIB no. 1 from catalogue of Ceranka, 

Goszczurna (1994) with parameters ∗v =3, ∗b =3, ∗r =2, ∗k =2 and ∗λ =1. Inci-

dence matrices of these designs have the form:  

21N =A  ( == 11 kv 2, == 11 rb =1λ 1), 













==

110
101
011

CB NN  

( == 22 bv == 33 bv 3, == 22 kr == 33 kr 2, =2λ =3λ 1). 

From CBA NNNN ⊗⊗=1  we can obtain the distribution of levels A, B 

and C in blocks in both cases:  
 

Case (i) 

The distribution (before randomization) is schematically given by 
 

block I block II block III block IV block V block VI block VII block VIII block IX 

B1C1 B1C1 B1C2 B1C1 B1C1 B1C2 B2C1 B2C1 B2C2 

B1C2 B1C3 B1C3 B1C2 B1C3 B1C3 B2C2 B2C3 B2C3 

B2C1 B2C1 B2C2 B3C1 B3C1 B3C2 B3C1 B3C1 B3C2 

A1 

B2C2 

A1 

B2C3 

A1 

B2C3 

A1 

B3C2 

A1 

B3C3 

A1 

B3C3 

A1 

B3C2 

A1 

B3C3 

A1 

B3C3 

B1C1 B1C1 B1C2 B1C1 B1C1 B1C2 B2C1 B2C1 B2C2 

B1C2 B1C3 B1C3 B1C2 B1C3 B1C3 B2C2 B2C3 B2C3 

B2C1 B2C1 B2C2 B3C1 B3C1 B3C2 B3C1 B3C1 B3C2 

A2 

B2C2 

A2 

B2C3 

A2 

B2C3 

A2 

B3C2 

A2 

B3C3 

A2 

B3C3 

A2 

B3C2 

A2 

B3C3 

A2 

B3C3 

 

where A1, A2 are levels of A; B1, B2, B3 are levels of B; and C1, C2, C3 are levels 
of C.  
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The efficiency factors for estimation of effects A, B, C, A×B, A×C, B×C and 
A×B×C in three strata are the following: 

 

t 
)1(

1tε  

(C) 

)1(
2tε  

(B) 

)1(
3tε  

(B×C) 

)1(
4tε  

(A) 

)1(
5tε  

(A×C) 

)1(
6tε  

(A×B) 

)1(
7tε  

(A×B×C) 
1 0,25 0,25 0,06 0 0 0 0 
2 0 0 0 1 0,25 0,25 0,06 
3 0,75 0,75 0,94 0 0,75 0,75 0,94 

 

Case (ii) 

The distribution (before randomization) is schematically given by 
 
block I block II block III block IV block V block VI block VII block VIII block IX 

C1 C1 C2 C1 C1 C2 C1 C1 C2 A1B1 C2 
A1B1 C3 

A1B1 C3 
A1B1 C2 

A1B1 C3 
A1B1 C3 

A1B2 C2 
A1B2 C3 

A1B2 C3 
C1 C1 C2 C1 C1 C2 C1 C1 C2 A1B2 C2 

A1B2 C3 
A1B2 C3 

A1B3 C2 
A1B3 C3 

A1B3 C3 
A1B3 C2 

A1B3 C3 
A1B3 C3 

C1 C1 C2 C1 C1 C2 C1 C1 C2 A2B1 C2 
A2B1 C3 

A2B1 C3 
A2B1 C2 

A2B1 C3 
A2B1 C3 

A2B2 C2 
A2B2 C3 

A2B2 C3 
C1 C1 C2 C1 C1 C2 C1 C1 C2 A2B2 C2 

A2B2 C3 
A2B3 C3 

A2B3 C2 
A2B3 C3 

A2B3 C3 
A2B3 C2 

A2B3 C3 
A2B3 C3 

The efficiency factors for estimation of effects A, B, C, A×B, A×C, B×C and 
A×B×C in three strata are the following: 

 

t 
)2(

1tε  

(C) 

)2(
2tε  

(B) 

)2(
3tε  

(B×C) 

)2(
4tε  

(A) 

)2(
5tε  

(A×C) 

)2(
6tε  

(A×B) 

)2(
7tε  

(A×B×C) 
1 0,25 0,25 0,06 0 0 0 0 
2 0 0,75 0,19 1 0,25 1 0,25 
3 0,75 0 0,75 0 0,75 0 0,75 

Comparison of results in the above tables indicates that cases (i) and (ii) are 
identical with respect to the estimation (function) of factors A and C effects and 
for their interaction A×C effects, because their efficiency factors are equal in 
each stratum. Case (i) is more advantageous than case (ii) for the estimation of 
factor B effects, for the interaction of B×C effects, for the interaction of A×B 
effects and A×B×C effects, because in case (i), their efficiency factors in the 
third stratum (the deeper one) are higher than in case (ii).   
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6. Conclusion and discussion 

From the formulae for )1(
ijε  and )2(

ijε  (see Section 3), we can obtain:  

Corollary 6.1. In the first stratum, efficiency factors in case (i) and (ii) are the 

same, i.e. )2(
1

)1(
1 ii εε =  for i = 1,...,7.  

Corollary 6.2. In the second and the third stratum, efficiency factors for  
i = 1, 4, 5 in case (i) and case (ii) efficiency factors are the same, i.e. 

)2()1(
ijij εε =  for j = 2, 3.  

Corollary 6.3. In the second stratum, efficiency factors for i = 2, 3, 6, 7 in case (i) 

are at least the same as in case (ii), i.e. )2(
2

)1(
2 ii εε ≤ . In the third stratum, the effi-

ciency factors in case (i) are higher than in case (ii), i.e. )2(
3

)1(
3 ii εε ≥  for 

i = 2, 3, 6, 7. If =2d 1, then the above efficiency factors are the same, i.e. 
)2()1(

ijij εε =  for i = 2, 3, 6, 7 and j = 2, 3. If =3d 0 then )2(
3

)1(
3 jj εε =  for j = 2, 3.  

In the planning experiment in split-plot design, there is a problem with the 
selection of the stratum in which analysis of variance is to be introduced. The 
decision is simple when the efficiency factors are equal because then, we select 
the stratum with the higher number since the stratum variance is the smaller the 
“deeper” the stratum is. However, in case when the above variances are un-
known, the choice of stratum is not easy. It may happen that greater efficiency 
factors in the stratum with a lower number will not balance the smaller variance 
in the “deeper” stratum with a higher number. Hence, such designs are valuable 
in which certain =id 0 or 1, because in certain stratum, some efficiency factors 

are equal to one. For example:  

if =1d 0 then )1(
62

)1(
42 εε = =1, 

if =1d 0 and =2d 1 then ==== )2(
62

)2(
42

)1(
62

)1(
42 εεεε 1, 

if =3d 0 and =2d 1 then 

======== )2(
73

)2(
53

)2(
33

)2(
13

)1(
73

)1(
53

)1(
33

)1(
13 εεεεεεεε 1.  



HENRYK BRZESKWINIEWICZ, JOLANTA KRZYSZKOWSKA 28 

References 

Brzeskwiniewicz H., Krzyszkowska J. (2001). Rectangular block designs and certain split-plot 
experiments. Colloquium Biometryczne 31, 69-75. 

Brzeskwiniewicz H., Krzyszkowska J. (2006). Some split-plot designs for three-factorial experi-
ments. Colloquium Biometryczne 36, 23-40.  

Ceranka B., Goszczurna T. (1994). Scheme of balanced incomplete block designs (in Polish). 
Colloquium Biometryczne 24, 42-53. 

Mejza I., Mejza S. (1984). Incomplete split-plot designs. Statist. Prob. Letters 2, 327-332.  

Mejza S. (1986). Experiments in incomplete split-plot designs. (in Polish). Ann. Pozn. Agricult. 
Univ. Sc. Diss. 150. 

Raghavarao D. (1971). Construction and Combinatorial Problems in Design of Experiments. J. 
Wiley and Sons, New York.  

DOŚWIADCZENIA TRÓJCZYNNIKOWE ZAKŁADANE  
W UKŁADACH SPLIT-PLOT GENEROWANYCH  

PRZEZ UKŁADY BIB 

Streszczenie 

W pracy rozwaŜamy doświadczenia trójczynnikowe załoŜone w niekompletnych układach o 
pojedynczo rozszczepionych jednostkach eksperymentalnych (split-plot). W tych doświadcze-
niach poziomy trzech czynników A, B i C są rozmieszczone tak jak obiekty w układach zrówno-
waŜonych o blokach niekompletnych (BIB). W pracy rozwaŜamy dwa przypadki rozmieszczenia 
czynników na duŜych i małych poletkach. W pierwszym przypadku poziomy czynnika A roz-
mieszczamy na duŜych poletkach, a kombinacje poziomów czynników B i C na małych poletkach. 
W drugim przypadku kombinacje poziomów A i B rozmieszczamy na duŜych poletkach a pozio-
my czynnika C na małych. Podajemy współczynniki efektywności dla efektów głównych i inte-
rakcyjnych rozwaŜanych czynników w trzech warstwach: blokowej, duŜych poletek i małych 
poletek.  

Słowa kluczowe: zrównowaŜone układy o blokach niekompletnych, współczynniki efektywności, 
iloczyn Kroneckera macierzy, główne i interakcyjne efekty czynników, układy split-plot, do-
świadczenia trójczynnikowe 

Klasyfikacja AMS 1993: 62K10, 62K15 

 


