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Summary

The problem of testing hypothesis in a Binomial mMageonsidered. A randomized test is
constructed. An application to the problem of tegtihomogeneity of self-fertilized and
vegetatively propagated species is shown.
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1. Introduction

One of the aspects of the investigations providedJBOV (International
Union for Protection of New Varieties of Plants)tésting of homogeneity of
self—fertilized and vegetatively propagated vae®tiAn investigated cultivar is
called uniform if the percentage of so called “ofpes” is smaller than the
given standard. To decide whether the variety ifotm the sample of size is
taken and the number of off-types is counted. Tanbee formal, let§ be a
number of off—types im trials. This is a random variable binomially distited.
The statistical model fo€ is

({04....,n},{Bin(n, ™), 0 (0 }),
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where T denotes the population percentage of off-type® pioblem is in
testing hypothesis

H:m<sm, vs Kim>T,

where T, is a given number (population standard). The rposterful test has
the critical region

{E>k},
wherek is chosen in such a way, that the test is of gize

sup P{& >k} = PTEO{E >kt <a.
=Ty

The power of that test at the given pomt> T, is
P {&>K}.

We are interested in finding a test of given sip¢ greater thama and the
power at leasf3. Such a test may be found by solving with respeatandk a
system of inequalities:

level(n,k; 1g,) < a,

power(n,k; 1t) =3,
wherelevel(n,k; Tt,) = PT[O{E >k} and power(n,k; ) = P,Tl{E >k} .
In UPOV documents there are given nomograms as w@aelltables for
determiningn andk for given 1,, T, a and . An exemplary nomogram,

similar to given in documents, is shown in the yiet for 1, = 005,

1, = 010,0 = 005 i 3 = 095. From the picture it is found
n =298 k=21
The size as well as the power of the test equal
level(n,k; 005) =0.0457643 and power(n,k; 0.10) = 0.9505957

Note that the size of the test is smaller thannibminal significance level. The
question is: does there exist the test with the sgual exactly givea and the
power equaP? The answer is positive, but randomization is ededn what
follows the construction of randomized test is show
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n
10-16
17-28
29-40
41 -53
54 — 67
68 — 81
82 -95
96-110

111-125
126-140
141-155
156-171
172-187
188-203
204-219
220-235
236-251
252-268
269-284
285-300
301-317
318-334
335-351
352-367
368-384
385-395
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2. Randomized test

Recall that the cumulative distribution functionBihomial distribution may be
expressed with the aid of cumulative distributiandtion of a Beta distribution:
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Rt <k =3[ = Bl k k-,

where B(a,b; [) denotes the cdf of Beta distribution with paramet b.
Hence

{Ievel(n, k;m,) =1-B(n-k,k+1L1-mn,),
power(n,k; ) =1-B(n-k,k + L1-11).
To find the appropriate test one has to solve yistesn of equations
{Ievel(n, k;m,) =0
power(n,k; 1) =.

Denote the solution by, and k. Generally, those numbers are not integers.
Let

n”=|n,| andk” =|k].

Consider four tests with sizes and powers giveoveel

S kP+1 | k°  Kk°+1
n- a, a, n” B, B,
n"+1| a, a, n"+1 | B, B,
where
a, =level(n”, k% 1), a, =level(n”, k°+1 m,),
a, =levelln®+1, k% m), a, =levelln” +1 k" +1; ),
and

B, =power(n”, k" 1), B, =power(n”, k" +1; 1),
B, = power(n”+1 k% 1), B, =power(n”+1, k7 +1; ).

Because Beta distributions are stochastically ealso
a,<0,<as<da,<da,
and

B, <B,=<PB=P,<Bs.

The test is chosen by random with probabilities
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S K’ +1
nD Y1 Y.
n"+1 Ys Y4

such that
4 4
zaiyi =a and ZBiyi =B.
i=1 i=1

Of coursey, +vy, +Yy, +vy, =1.
The problem is in finding appropriate probabilities
Probabilitiesy are the solution of the linear system:

Y
a, a, a, a,]| ‘| [a

B, B, B, B.| 2|=|P

1111y31

4

The system has infinite number of solutions. Letam®osey, as a free
parameter. Then we obtain the following systemqufadions:
a, a, OzilY, A= 0,Y,

B By Bs||Ya|=|B-B.Y,s
11 1y, [ 1-v,

The solution of the system is:
yl = Wl + Zly4
y2 = W2 + Z2y4
y3 = W3 + Z3y4

where
W = azﬁs _asﬁz +C(([32 _Bs)+B(a3 _az)
1 W '
— 0(2([34 _Bs)+a3(ﬁz _B4)+G4(Bs _Bz)
z = W ,

W. = agB, —aB, +C(([33 _Bl)+B(al —013)
’ w
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— 0(1([33 _B4)+G3(B4 _[31)"'0(4([31 _Bs)

Z, = )

W
W :(11[32—GZB1+G(B1—[32)+B(GZ—01)
3 W ,
7 =a1(B4_Bz)+az( 1_[34)"'(14([34_[31)
3 W ,

W =0, (B, —B,)+a,(B, —Bs) +a,(B; —B,).

Solutions should be such that such tRety, <1 for i = 1,2,34. It gives

conditions:
min{ -z ,0} <w <max{11-z}, i =1, 23.

However, for givena and B those conditions may not be satisfied
simultaneously. So requirements for the signifieatevel and/or the power
must be relaxed. It is not difficult to see thag fhower3 must be a number
such that the inequalities below holds

azBs _asBz +G(Bz _Bg) <B(a3 _az)

min{ - z,,0} - w v
< ma){ 11- 21} _ a,B; _agB\zN"'a(Bz _Bs) '

min{ _ ZZ,O} _ (X3[31 _alBiA;'a(Bg _[31) < B(alv_vag)
<max 11-z} - a3B, _alBi/\;-a(B3 _[31),

min{ —23,0} _ 0(1[32 _GZB\l/\;'G(B1 _Bz) < B(az\;la1)
< ma_x{ll_ 23} _ ale _azﬁ\l/\;'a(ﬁl _Bz).

Let B, denotes the maximal power which satisfies all abmequalities and

W, W, andw; denote the values ofy, , w, andw,for B, , respectively.
Solving inequalities
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O<w +zy,<1
0<w; +2z,y, <1

O<wy+2zy, <1

with respect toy, we obtain an intervel y4,V4] of all admissible values of the

fourth probability for which there exists the ramilzed test. Any of such test
has the sizex and the powef ., -

3. Numerical example

Consider the numerical example in which
T, = 005; i, = 010; a = 005; 3 = 095.

Values of N and k5 which are solutions of
level(n, k ;005) = 005,
power(n,k ;010) = 095

are as follows
np=289738 k;=20.3203

Son”=289 k" =20. We obtain

‘ 20 21 | 20 21
289 | 0, = 005722 a,=003455  289| B, =0.95548 B, = 093126
290 | o, =005890 o, =003568  290| B,=095719 B, =0.93368

To find the randomized test one has to solve theton:

0.05722 0.03455 0.05890)| vy, 005-0.03568y,
0.95548 093126 0.95719||vy, |=| 095-0.93368y, |-
1 1 1 |y, 1-v,
After some calculations, the solution is obtained:
Y, =26.01422+13.8095%,,
y, =-1.43061+1.8917510"%,,
Y, = —23.58362+12.8095%,.
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It easily seen that the condition
min{ -z,0 <w, <max 11-z}

is not fulfilled, so there does not exist requitest. To find the randomized test
the requirement with respect fomust be relaxed. Probabilitieg,Y,,Yy; may
be written in the following way:

y, = —1076765335+11361755343 -13.80952y,,,

y, = 74379752- 7844506603 +1.8917510"°y,,
Y, =1002485583-1057730468(3 +12.80952y,.

Becausey, for i =1,2,3 must take on the values in the inter\[ﬁl 1], we
obtain

77979904- 8227478 <y, < 77972662-82274783
3.9318M10% - 4.146710% B <y, < 3.9265110" - 4.1467[10" 3
78260956~ 825737543 <y, < 7825315-82573754p.

After some calculations, we obtain that the maxifdalor which all above
inequalities hold simultaneously aryy [ [0, 1] equals

B _ (4379752
" 784.45067

The interval of admissible values gf, is [0.33520 0.38334.

Any vy, from the above interval gives the randomized aeste levela = 005
and of the powef3 = 0.94818. Below there are given two exemplary tests for
probability y, equal to the left and the right end of the intgriespectively.

=0.94818.

Test, Test,
| k=20 k=21 | k=20 k=21
n=289 0.66480 0 n=289 0 0
n=290 0 0.33520 n=290 0.61666 0.38334

Suppose that the researcher decide to applyTést, . A random numbeu
from uniform (0,1) distribution is drawn. Then iif < 0.66480, then the test
with n=289 and k=20 is used, elsewhere the test with=290 and
k =21 is applied.
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Note that the sample sizein randomized test is smaller than the one in the
nonrandomized test.

4. Exemplary norms

In UPOV documents there are given tests for pomuastandards,=0.05,

0.03, 0.02, 0.01, 0.005, 0.001 amg = 2n,,5n,,10n,. Considered nominal
significance levels are=0.1, 0.05 0.01.

In the Table 1 randomized tests are presentedofer 005 and power
B=095 (column randomized) for different population standardai,) and

alternativesn = 2n,. Along with those tests their exact power is clatad.

Symbol
{(290,20), 0.61666

(290, 21), 0.38334

means that with the probability 0.61666 the teghwi =290 and k =20 is
chosen and with the probability 0.38334 the teshwi =290 and k =21 is
applied.

In the columnUPOQOV there are presented nonrandomized tests alongtheaih
actual size and power. Note that, in the randomitsds sample sizes are
smaller than in the appropriate nonrandomized .tests
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Table 1. Exemplary test

T, N, randomized power UPOVv Size power

0.05 | 0.10

(290,20, 0.61666
0.94818| (298,21) | 0.04576 0.95060

(290 27), 0.38334

o | 0os| [@9920, O0t619 | T T
' ' (499 21, 098381 | (519, 22) | 0.04343 0.

(760,21), 0.30062

0.02 | 0.04| <(76121), 034334 | 0.94844| (839,24) | 0.03439 0.95007
(761,22), 0.35604

0.01 | 0.02 (154521), - 032016 0.94848| (1625, 23) | 0.04156 0.95019

' ' (154522), 0.67984 ( 231 0 '
(311121, 0.14906

0.005 | 0.01]| (311221, 0.03349| 0.94891| (3254, 23) | 0.04246 0.95005
(311222), 081745

0.001 | 0.002 (1565521, 0.0685¢ 0.94954| (16288, 23)| 0.04321 0.95000

' T (1565522, 093144 ( 23 0. T
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