Colloquium Biometricum 41
2011, 165-174

STATISTICAL PROPERTIES OF SOME SUPPLEMENTED
SPLIT-SPLIT-PLOT DESIGN

Katarzyna Ambro zy, Iwona Mejza

Department of Mathematical and Statistical Methods
Pozna University of Life Sciences
Wojska Polskiego 28, 60—-637 Pozndoland
e—mail: ambrozy@up.poznan.pl; imejza@up.poznan.pl

Summary

Main purpose of the paper is to provide a new netthfche construction of non—orthogonal
split—split—plot design for three or more factopesiments. An orthogonally supplemented PEB
block design with at mosti(+ 1) — classes of efficiency generates a new layattention is paid
to optimal statistical properties with respecthe efficiency of estimation of some group of the
contrasts in the resulting design.
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1. Introduction

In agricultural research the traditional (complegp)it—split—plot (SSP)
design on RCB design is commonly used to a threesfaxperiment. It is an
extension of a split—plot design to accommodateird factor (e.g. Gomez and
Gomez, 1984, Section 4.3). The SSP arrangemehamsacterized as follows:

— three plot sizes corresponding to the three facibreeans the first factor

(say, A) is assigned to the whole plots, the second faday, B) to the

subplots, and the third factor (say, C) to the subgplots.
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— there are three levels of precision with the facareceiving the highest
precision.

Such experiments are usually large which is noiralele in practice because of
their high cost and complexity. Also, frequentlyniied amount of the
experimental material does not allow using a cotep&SP design. Hence, it is
worth considering some incomplete SSP designs regpect to at least one of
three factors (e.g. Mejza 1997a, 1997b).

In the paper we consider a situation when the iqdeta SSP design is
orthogonally supplemented by a new group of subplstilireatments (called
control sub—subplot treatments).

The sipplementedaugmented block designdor one—factor experiments
are described in the literature (e.g. @s#ti 1971, Caliski and Ceranka 1974,
Singh and Dey 1979, Puet al 1977, Kachlicka and Mejza 1998, Gaki and
Kageyama 2003, Sections 6.3. and 10.3.3). Genetally sets of treatments
exist in all the above designs. Usually one setfsrred to as the set of basic
(test) treatments and the other — the set of sompiéary (control) treatments.
The major aim of such experiments is the compar@dioth sets of treatments
and the treatments inside those sets.

In the paper we present a randomization modedisstal properties and
their consequences for an analysis of the resuttésign.

2. Material structure

There is assumed the experimental material caniviged into b blocks
with k; whole plots. Then, each whole plot is divided ikfosubplots withks
sub—subplots. Ths levels of factor A (whole plot treatments) are damly
allotted to the whole plots within each blodk]evels of factor B (subplot
treatments) are randomly allotted to the subplaétsimeach whole plot, and the
w levels of factor C (sub—subplot treatments) areloanly allotted to the sub—
subplots within each subplot. Hence, the thirdda€ is in a split—plot relation
to the whole plot and subplot treatment combinati(ire. combinations of the
levels of factor A and factor B which are also ispdit—plot design).

3. Linear model

As a result of certain assumptions and performeaar f@ndomization
processes in the experiment the mixed linear manfelvector y of n

(=bkk,k;) observations has the form:
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4
y:A"lr+Z:D'f1]f +e, (3.1)
f=1

and the following properties:
4
E(y)=AT Cowy)=.D\V,D, +all,, (3.2)
f=1

where A’ is a known design matrix fov =stw treatment combinations,
T (v x 1) is the vector of fixed treatment combinatiofeefs, D,, D,, Dj,

D'4 are respectively,n(x b), (n x bky), (h x bkky), (n x bkkoks) — design
matrices for blocks, the whole plots (within thedKs), the subplots (within the
whole plots inside the blocks), and the sub—subgleithin the subplots inside
the whole plots and blocks). They are expressed by:

D,=1,0% 01, 01, D, =1,01, 01, 0%,

D,=1,01 01,0%, D,=1,01 01, 0 =1,
where | , is the identity matrix of ordex, 1, is thex—dimensional vector of
ones,J, =1,1',, and denotes Kronecker product of matrices.
Then, (f=1, 2, 3, 4) are, respectively, random effect @ecof the blocks, the
whole plots, the subplots, the sub-subplots with(nf) =0, and
Cov(n,) =V, Cov(n;,ns) =0 forall f=f. If 67 (f=1, 2, 3, 4)

define variances of the variablgs , then
V, =o7 (I, -b™3,), V, =051, 0( kl_kl_l‘]kl)’ (3.3)
Vi =03l Oy, =K' J4) s Va =04l Ol =K Jy) -
According to the assumed orthogonal block structfiie considered SSP

4
design, the covariance matrix (3.2) can be wrigteCov(y) = ny P; ., where
f=0
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ys 20 and theP; matrices form a complete known binary set of ma#i

defining strata of the blocking structure of thesida (cf. Mejza, 1997a). More,
the range space{ P, }of P,,f=0, 1, 2, 3, 4 is termed tlieth stratum of the

model, and{y,} are unknown stratum variances (cf. Houtman ande&pe

1983).

In the SSP model there are five strata, i.e. thal tarea stratum (zero
stratum), the inter—block stratum (the first stma}uthe inter—whole plot stratum
(the second stratum), the inter—subplot stratum itird stratum) and the inter—
sub—subplot stratum (the fourth stratum).

The orthogonal block structure of the considerezsigieallows one to apply
Nelder's approach to the analysis of variance Herrhultistratum experiments
(Nelder 1965a, 1965b). The stratum analyses areess@d in terms of basic
contrasts introduced by Pearcet al (1974). They are generated by

r °— orthonormal eigenvectors of stratum informaticatnices for the treatment
combinations, A, =AP,A', where r® =diag[r,,r,,...,r,] and r, denotes
replicate of theh —th treatment combinatiod,= 0, 1, 2,3,4;h=12,...,v.
General forms of theA ; for the incomplete and complete SSP experiment

designs are given in Mejza (1997a). Their formsrappate for the considered
SSP design one can find in section 4. In the pageaissume that SSP design is
generally balanced (cf. Houtman and Speed, 1988nhefal balance (GB)

property occurs when all matriced ; fulfill the following criterion (e.qg.
Mejza, 1992):

AT A=A A, (3.4)

for f,f'=1 234, f #f' andr® =diaglr,1/r,,....1/r,] .
The GB property allows finding common set o — orthonormal
eigenvectors for all the information matrice ;. Eigenvalues, sayeg,,

corresponding to the eigenvectors of the matriées with respect tor® are
called stratum efficiency factors. They satisfy thkowing relations:

4
O<eg, <1, [J(eoy =1, £gn = 0), Z gq =1,
f=1

h<v

for h<v; f=01...,4; h=12..,vV.
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4, Construction method

In this chapter some method of constructing thenmaete SSP design
(k,=s, k, =t, k; <w) is described, along with some statistical prapsrt
mainly those related to the efficiency factors loé design for estimating the
corresponding basic contrasts in the stratum aeslys

This method is based on the Kronecker product iietldesigns, in which
the levels of three factor®\(B, C) are assigned. Consider situation when the
whole plot @A) treatments and the subpl®) treatments are in appropriate RCB
designs whereas the sub—subplot treatmeZjto¢cur in a supplemented block

design dD(vD:W, b", kD, rD), where the parameter\%D, b", k” mean
numbers of the sub—subplot treatments, blockssungide each block in the
subdesigndD, respectively andr” denotes a vector of replicates of the sub—

subplot treatments.
We assume the sub—subplo€) (treatments consist of two groups:

w=w, +W,, wherew, test (basic)C treatments are allocated in a subdesign

El which is a partially efficiency balanced (PEB) ideswith at mostm
efficiency classes (cf. Puet al 1977, Kageyama and Puri 1985, @sli and
Kageyama 2000, Definition 4.3.1.) while, additional (control)C treatments

—ina subdesignﬁ2 represented by an orthogonal block design (cfinGkiland
Kageyama, 2000, Definitions 2.2.7-2.2.8).

Let N, be the w, xb, incidence matrix of the subdesiga1 with

~ m

parametersw,, b, ki, r,, €;, p; (ij =w, —1). Then (cf. Puri and
=1

Nigam 1977, Nigam and Puri 1982, Gski and Kageyama 2003, e.qg.

Theorems 6.3.1. and 10.3.3.):

w !

N = N, 4.1
“ Ly “n

is the incidence matrix of the PEB design with atstnfn+ 1)—classes of
efficiency with parameters:

vi=w=w +w,, b"=hb, kD:nDIlebl/ﬁl,
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T=NpL=ry,, ] g0 =1 pp =Wy, (4.2)

Py =p;, i=1,2,..m,

where N, and n* denote numbers of observations in des'@p and d",
respectively.
Let N, =1, OON . be thevxb incidence matrix of the considered SSP

design with parametery = st(w, +w,), b=b", k=stk’, r=1_,0r",
n = bstk”, whereNdD is given in (4.1). This method of the constructyoelds

proper (cf. Caliski and Kageyama, 2000, Definition 2.2.2) and non-—
equireplicated experiment SSP design (cf. #3&li and Kageyama, 2000,
Definition 2.2.3).

As mentioned in section 3 statistical propertiesthe design are related

mainly to algebraic properties of the stratum infation matricesA ; , which
forms in this case are following:

A =C,-C, A,=C,-C,, A,=C,-C,;, A,=C,, (4.3)

where, assumingr “)° dlaqrl , .,rWD) andr" given in (4.2),
C,=1,0( ——J Oy, r(C,)=v-1
(r)° bstk, ~° (r) (Co)
Clzlstm(rﬂ)é—ing ON N, rC)sv-1 (4.4
st

c,=I.0 {It 0(r%° —%Jt 0 NdDN'dj] [(C,) < v-5s
3

C,= {(r) ——N Ndm}, rC,)< v—st.

It is easy to check that resulting SSP designiegaly balanced. It follows
from that fact the matrices (4.3) with (4.4) fdlfihe condition (3.4), i.e. they
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commute with respect o =| < a(r D)‘5. Finally one can find a set of the

contrasts and corresponding to them stratum effiigiefactors (cf. Mejza,
1997a). We consider the following types of the casts: among main effects of
the whole plot treatment®\), the subplot treatment8) and the sub-subplot

(C) treatments, including: te< treatments C") and additional (controlC
treatments C° ), between the test group and the control groufs afeatments

(C"vs.C®), and other interaction contrasts as in table 1.

Analyzing algebraic properties of the matrices ¥4(8.4) we obtain
information about estimability of the contraststive strata and their stratum

efficiency factorse,, (cf. Section 3). The, , h<v; f =1 2,3 4, in table
1 are expressed by the eigenvalues (4.2), accotditige construction method.

Tablel. Stratum efficiency factors of the considered-+mthogonal SSP design

Types of o Strata
contrasts 1 2 3 4
A s-1 1
B t-1 ] O
P1 1_51D €1
CT :Wl —1
* 0
I Pm) l-em | | | €m |
c¢ w, =1 gy =1
CTvsC® 1 g, =1
AxB (s=)(t-1 1
(s-Dp; 1-¢7 €
Ax CT = (s—-1)(w —-1)
] (s=Dw) | lem| | em
Ax C© (s=1)(w, -1) g, =1
A X .
(CT vsCC) s-1 g, =1
(t-Dp; 1-g | &
Bx CT = (t-1)(w; —1)
L eden) e e
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Types of o Strata
contrasts 1 5 3 4
Bx C© (t=1)(w, -1) 88 =1
- Bx | .
(CT vsCC) t-1 g =1
D 2 N I N R R R
(S )(t—Dp, _ 1-g0 | g!
AxBx CT . .
(s=-D(t-Dpn, 1-¢0 | &0
o |E6ue-dw-y i
AxBx
o (s=D)(t ~Dw;, 1) £ =1
- AxBx | .
(CT vch) (s=0(t-1) g0 =1

Df (degrees of freedgm- numbers of the particular types of the con¢rastimable in the strata;
1 — the inter—block stratum, 2 — the inter—-wholat gtratum, 3 — the inter—subplot stratum,
4 — the inter—sub—subplot stratum

5. Someremarks

In conclusion it can be seen that in the gener8®# design a part of the
basic contrasts is estimated with full efficieneyl(). This stratum orthogonality
of the design is due to two facts. One of thenoisnected with the construction
method, i.e. for the comparisons among main effaftsthe whole plot
treatments 4A), among main effects of the subplot treatmery dnd the
interaction contrastsA(x B). The second kind of the stratum orthogonality is
linked with the generating design used (orthoggnallipplemented block
design), i.e. for the comparisons among main effetthe control sub—subplot

treatments C€), the interaction contrasts such &' vsC¢, AxCC,
Ax(CTvs C®),BxC®,Bx(C'vs C®),AxBxC®, AxBx(C'vs C°).
Other contrasts are estimated with not full efficig in two different strata. It is

worth noting that number of efficiency classes lné subdesignd, (and the

generated SSP design also) can be reduced whereosec the PEB design
with m—efficiency classes from the class of the PBIB glesi(Mejza 19973,
1997Db). In the statistical inference about thosgrests we can use information
about them separately from one stratum only orgoeiihg for them the
combined estimation and testing based on informaffom these strata in
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which they are estimable (e.g. Gaski and Kageyama, 2000, Sections 3.7-3.8,
5.5). Some combining methods of information frono tetrata are described in
Ambrozy and Mejza (2006, Sections 4.4, 5.4) also.
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