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Abstract: Precise modeling of stand diameter distributions is required to provide accurate estimates of 
volume per diameter class and unit area. Therefore, it is necessary to obtain the most accurate probability 
density functions parameters estimates to predict stand diameter distribution in time. We evaluate two 
methods to estimate the parameters of the Weibull probability density function in the modeling of diameter 
distributions of bioenergy plantations. The methods considered a direct method of parameter prediction 
based on regression models (PPRM) and an indirect method of parameter recovery through the determi-
nation of percentiles (PRDP). Both methods are considered systems of linear equations and are adjusted 
through simultaneous estimation of parameters using stand variables. The greatest precision was obtained 
with PPRM. The PRDP method was not effective in the prediction of diameter distributions due to the 
high level of truncation of the observed distributions showing an overestimation of the distribution for 
the largest diameter classes. Estimated parameters of the Weibull PDF are directly related to mean height, 
quadratic mean diameter, and crop age; and are inversely related to stocking.
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Introduction

The ability to predict the diameter distribution in 
a stand is essential for silvicultural decision makers 
to make the best forests management (Cao, 2004). 

Mathematical modeling is used to predict growth 
and yield of a given plantation considering stand var-
iables such as stocking, basal area, dominant height 
and stand diameter distribution (Gove & Patil, 
1998). Being the most direct and measurable factor, 
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diameter is often related to other important varia-
bles, such as basal area, density, and volume. This 
makes the diameter distribution model a useful tool 
to provide more detailed information about the stand 
without additional inventory costs (Nord-Larsen & 
Cao, 2006). Diameter distribution over time may be 
used to determine stand state variables such as basal 
area, volume or biomass per unit area (Mehtätalo, 
2004).

Various theoretical probability density functions 
(PDF) have been used to describe stand diameter 
distribution of plantations. However, the Weibull 
PDF is the most commonly used. Bailey and Dell 
(1973) were the first to use this function to describe 
stand diameter distributions of plantations under 
traditional silviculture. Since then, the Weibull PDF 
has been frequently used in the field of forestry due 
to its ability to predict a wide variety of distribution 
forms. More so, the Weibull PDF has a closed form 
cumulative distribution function (CDF), which made 
easy to estimate the proportion of trees in diameter 
classes.

Precise modeling of stand diameter distributions 
is required to provide accurate estimates of volume 
per diameter class and unit area (Cao, 2004; Jiang 
& Brooks, 2009; Parresol, 2003; Zhang et al., 2003). 
Therefore, it is necessary to obtain the most accurate 
PDF parameters estimates in order to predict stand 
diameter distribution in time. Smalley and Bailey 
(1974) and Schreuder et al. (1979) were pioneers 
in the prediction of the Weibull function parameters 
based on empirical functions using stand variables. 
Since then, efforts to predict the parameters have 
been done explicitly, i.e., from linear models using 
stand attributes as explanatory variables (stocking, 
mean height, index of site or age).

An indirect technique known as parameter recov-
ery has also been used to determine PDF parame-
ters (Hyink & Moser, 1979; Lohrey & Bailey, 1977). 
Other authors, such as Zhang and Liu (2006) who 
using the modified Weibull two-parameter model 
of Minowa and Hirata (1993), or the procedure pro-
posed by Zhang et al. (2008) who use a combination 
of Weighted Least Squares Estimation Methods and 
Monte Carlo experiments to estimate the Weibull pa-
rameters, argue that they are a good option to fit the 
diameter distribution in mature uneven age stands, 
however these methods are not sufficient when a 
frequency distribution is multimodal or irregular in 
shape. According to some authors, the procedure for 
parameter prediction is not highly precise, although 
the models used in the predictive process have some 
biological basis (Cao & Burkhart, 1984; Sun et al., 
2019). Studies by those authors have shown low co-
efficients of determination for the linear models used 
to predict the parameters of location (a), scale (b), 
and shape (c) of the Weibull function. 

Therefore, in order to improve these estimates, 
Lohrey and Bailey (1977) and Hyink and Moser 
(1979) proposed the parameter recovery technique. 
This method does not directly predict the parame-
ters of the PDF; but rather, the functions estimate pa-
rameters that are directly related to the distribution, 
such as: a) central and non-central moments (Cao 
et al., 1982; Diamantopoulou et al., 2015; Lynch & 
Moser, 1986) the methods proposed by Teimouri 
et al. (2013) and Teimouri et al. (2020) for the es-
timation for three-parameters Weibull distribution, 
based on TL-moments and L-moments, who argue 
that their proposal gives the best overall performance 
with respect to the maximum likelihood estimation; 
b) a set of percentiles (Bailey et al., 1989; Baldwin 
Jr. & Feduccia, 1987). Borders and Patterson (1990) 
justified the use of this predictive method, indicating 
that there is a close relationship between the per-
centiles of the distribution and the plantation attrib-
utes. Teimouri et al. (2020) reported that among the 
estimators investigated for two-parameters Weibull 
distribution, the method of percentiles outperformed 
other competitors.

Therefore, the method of parameter recovery 
came into use replacing the parameter prediction 
method (Bailey et al., 1989; Brooks et al., 1992; 
Knowe et al., 1997; Leduc et al., 2001; Lee & Coble, 
2006; Lohrey & Bailey, 1977; Sun et al., 2019). None-
theless, this method is also deficient for estimating 
the parameters that define a PDF, mainly in truncated 
distributions and where there are class types without 
frequency. Several authors have agreed on the lim-
itations of parameter recovery, indicating that it is 
inefficient in comparison with the parameter predic-
tion method (Borders & Patterson, 1990; Cao, 2004; 
Jiang & Brooks, 2009; Nepal & Somers, 1992; Van-
clay, 1995).

To date, several studies have compared the pre-
cision achieved with the methods of parameter 
prediction and parameter recovery (Cao, 2004; 
Jiang & Brooks, 2009; Newton & Amponsah, 2005; 
Nord-Larsen & Cao, 2006; Palahí et al., 2006). How-
ever, previous research has only considered data for 
traditional plantations managed for sawtimber or 
pulp production in terms of stocking and rotation 
length. At present, no research has been reported for 
biomass production plantations for bioenergy con-
sidering high stockings and short rotations. There is 
increased interest in modeling biomass growth and 
yield for short-rotation crops.

Woody crops for biomass production for bioener-
gy have only been recently established in experimen-
tal areas and potential for establishing these crops 
on an operational scale and the most adequate strat-
egy for projecting their growth and yield is still un-
known. The objective of our study was to analyze the 
precision of two alternatives for parameter prediction 
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overtime applying the methodology used by Jiang 
and Brooks (2009) to model diameter distributions 
of three species (Acacia melanoxylon R. Br., Eucalyptus 
camaldulensis Dehnh., and Eucalyptus nitens Deane & 
Maiden) established at three stockings (5000, 7500, 
10000 trees ha−1) for bioenergy purposes.

Materials and methods
Site characteristics and establishment of 
the study

The trial was established in August 2007 in the 
interior rainfed of the Ñuble Region, Ninhue Town-
ship, Chile (36°17’37.86”S 72°22’55.13”W). The 
site presents nutritional and water limitations and is 
predominately characterized by low yield forest plan-
tations dedicated to pulp or sawtimber production. 
The site was previously occupied by a 24-year-old 
Pinus radiata D. Don plantation, had a mean annual 
rainfall of 1324 mm and minimum, mean, and max-
imum mean annual temperatures of 0.0 °C, 11.3 °C, 
and 23.5  °C, respectively. Soils are Cauquenes soil 
family series derived from granitic rocks and are clas-
sified as a mesic Ultic Palexeralfs (Alfisol). Soils are 
deep (> 100 cm), well drained and well evolved of 
clay textures throughout the profile (CIREN, 1999). 
The terrain has a rolling to abrupt topography but 
the slope in the study area does not exceed 5%.

Prior to beginning of the trial, the site was pre-
pared by extracting the stumps of the previous crop 
and subsoiled in a grid layout to 80 cm depth using a 
Caterpillar D8K tractor with 60 cm distance between 
rows. Weeds were controlled at pre-and post-plant-
ing using a chemical mixture containing 4 kg ha−1 
glyphosate (Roundup Max), 1.5 kg ha−1 simazine, 
and 2.5 kg ha−1 atrazine. Post-planting fertilization 
included 15 g boronatrocalcite, 75 g diammonium 
phosphate and 25 g sulpomag applied in a circle at 
25 cm from the collar of each plant. A 1.2 m height 
fence buried about 0.3 m deep was built to protect 
the study area from animals.

The trial was established as a complete rand-
omized block design with three replicates. Blocks 
were square areas of 75 m at each side (5625 m2) 
consisting of nine experimental units of 25 m per 
side (625 m2) with 49 measurement trees, and a 
buffer zone to reduce edge effects. Three species 
(A. melanoxylon, E. camaldulensis, and E. nitens) were 
established in each block at three stocking (5000, 
7500, and 10000 trees ha−1).

Tree measurements

Individual tree measurements at each experimen-
tal unit were made in October and December 2007, 

and July and December of 2008, 2009, 2010 and July 
2011. At each measurement time collar diameter (D) 
at 0.1 m above the ground, diameter at breast height 
(DBH) once the trees were taller than 1.3 m, crown 
diameter, and total height of all the trees were meas-
ured for each experimental unit. In this study we used 
only collar diameter (D) for all analyses. Data from 
October 2007 measurements was excluded from the 
analysis because the lack of diameter classes at this 
stage of stand development.

Methods of parameter prediction

Diameter data, time of measurement and planting 
density were tabulated into classes of amplitude two 
for each species.

From the records tabulated in relative cumulative 
frequencies, the Weibull´s CDF of three parameters 
was adjusted for each one data grouping, according 
to the results obtained by Sandoval et al. (2012) (Eq. 
1).

CDF = 1 − exp
x − a

b( (
c

[[− with x ≥ a, a ≥ 0, b > 0, c > 0,

[1]

where x is the diameter class, a is the parameter of 
location, b is the parameter of scale, and c is the pa-
rameter of shape. As suggested by Frazier (1981), 
the parameter of location was restricted to predict 
the minimum value of D in the plantation according 
to the expression â  =  0.5  xmin. Direct and indirect 
methods for the parameters prediction of Weibull 
function were evaluated.

For the direct method, consisting on prediction 
of parameters based on regression models (PPRM), 
we used the equations proposed by Jiang and Brooks 
(2009) expressed by Eq. 2, Eq. 3, and Eq. 4:

 â = exp[b10 + b11 ln(Dq) + b12 ln(A) + b13 ln(1 / Hm)]

 [2]

 b̂ = exp[b20 + b21 ln(Dq) + b22 ln(N) + b23 ln(A) + 

 b24(1 / Hm)] [3]

	 ĉ	=	exp[b30 + b31 ln(Dq) + b32 ln(N) + b33 ln(A) + 

 b34(1 / Hm)] [4]

where â, b̂, and ĉ	are the parameters of location, scale, 
and shape, respectively, estimated using the method 
of parameter prediction. Dq is the quadratic mean di-
ameter, N is the number of trees per surface unit, A 
is the age of the crop expressed in months from the 
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establishment of the plantation, and Hm is the mean 
height of the crop.

For indirect method, denominated parameter 
recovery, consisted of the prediction of Weibull dis-
tribution parameters based on the determination of 
percentiles (PRDP). The methodology proposed by 
Bailey et al. (1989), and recently used to describe 
diameter distributions in young plantations of Pinus 
palustris Mill. (Jiang & Brooks, 2009), was based on 
the determination of four percentiles of the distribu-
tion of diameters, i.e., x0, x25, x50, and x95, that is, the 
value of the diameter that accumulated 0, 25, 50, and 
95%, respectively (Eq. 5, Eq. 6 and Eq. 7):

 
â = 

1/3
N x  − x0 50

1/3
N  − 1  [5]

 
b̂ = 

âΓ1

Γ2

+
â
Γ2
( (

2
2(Γ1 −

2Γ2) + 
2Dq

Γ2√  [6]

 

ln(−ln(1 − 0.95)) − ln(−ln(1 − 0.25))

ln(x  − a) − ln(x  − a)95 25

ĉ =
 [7]

where Γ1 = Γ(1 + 1 / ĉ) and Γ2 = Γ(1 + 2 / ĉ)	, 
with Γ being the gamma function. In turn, the four 
percentiles were estimated based on regression mod-
els that used stand variables for the prediction. Jiang 
and Brooks (2009) proposed the following equations 
(Eq. 8, Eq. 9, Eq. 10 and Eq. 11):

x0 = exp[b10 + b11 ln(Dq) + b12 ln(A) + b13 ln(1 / Hm)]

 [8]

 x25 = exp[b20 + b21 ln(x50) + b22 ln(A)] [9]

 x50 = exp[b30 + b31 ln(Dq)] [10]

 x95 = exp[b40 + b41 ln(x50) + b42 ln(A) + b43 ln(1 / Hm)]

[11]

For both methods (PPRM and PRDP), the func-
tions were adjusted using simultaneous parameters 
estimation, as proposed by Borders (1989). The ad-
justments were done using the option seemingly un-
related regression (SUR) of the procedure model of 
SAS (SAS Institute Inc., 2018).

Data analysis

The precision of each one of the parameter predic-
tion methods was evaluated in terms of the relative 
probability observed for each of the distributions. 

Thus, the Weibull CDF was expressed as a PDF (Eq. 
12):

 
PDF = 

x − a

b( (c

b( (
c − 1

exp −
x − a

b( (
c

[ [, [12]

The precision of the methods was evaluated 
through the root mean square error (RMSE) and the 
error index (EI) developed by Reynolds et al. (1988). 
The RMSE was used as an indicator of precision for 
each PDF estimated with each method, and the EI 
was used to determine the sum of absolute weight-
ed differences between observed and estimated dis-
tributions. As in Mehtätalo (2004), herein, we used 
the basal area as a factor of weighting, incorporat-
ing the modification done in Sandoval et al. (2012). 
The RMSE (Eq.13) and EI were calculated (Eq.14), 
respectively.

 
∑

n

i = 1

RMSE = F(x ) − F(x )i i
ˆ( (2 / n,√  [13]

 
∑

n

i = 1

EI = F(x ) − F(x )i i
ˆ

gi

G
| |

 [14]

In these criteria, F(xi) and F̂(xi) are the relative 
observed and estimated frequencies, respectively; n 
is the number of diametric classes; and gi and G are 
the basal area of each diameter class and the total 
basal area of this distribution, respectively.

Results

PPRM method resulted in the greatest precision 
of all three species studied (Table 1). This result was 
consistent regardless the indicator used (RMSE and 
EI). The EI underscored that direct estimation gener-
ally resulted in estimates of greater precision for the 
larger size-classes, whose individuals were of greater 
interest for commercial purposes. Better results were 
only found using the PRDP method for A. melanoxy-
lon planted at 10000 trees ha−1, in this case larger di-
ameter frequencies were estimated better. In general, 
overestimation of diameter distributions frequencies 
with the PRDP method were observed for larger di-
ameter classes.

The precision determined through the PPRM 
method varied with stocking. For all three spe-
cies, the greatest precision was obtained for 5000 
trees ha−1. In A. melanoxylon, E. camaldulensis, and 
E. nitens, the estimation errors did not exceed 2.2, 
1.9, and 2.3%, respectively. On the other hand, for 
A. melanoxylon and E. nitens, the lowest precision was 
obtained for 7500 trees ha−1 (2.7 and 3.7%, respec-
tively), whereas for E. camaldulensis, the average error 
was 2.3% for 10000 trees ha−1. The precision of the 
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adjusted Weibull PDF revealed estimation errors that 
fluctuated between 1.4 and 3.5%, which was lower 
than the error obtained with PPRM (between 1.9 and 
3.7%). These results showed that PPRM was precise 
in relation to the results obtained with the fit of the 
Weibull PDF (Table 1).

Although the precision of PPRM varied between 
stockings, no clear tendency was observed that showed 
any relationship between the precision of the estimate 
and stocking (Table 1). For A. melanoxylon and E. nitens, 
we observed greater precision in the estimation of the 
frequency of the distribution observed consecutive-
ly at stockings of 5000, 10000, and 7500 trees ha−1, 

Table 1. Precision of the parameter prediction methods obtained at 48 months since the establishment of the study

Species
Stocking (trees ha−1)

Methods
Weibull PDF

PPRM PRDP
Nominal Actual RMSE IE RMSE IE RMSE IE

A. melanoxylon 15000 3095 0.0221 0.0197 0.0318 0.0266 0.0201 0.0177
17500 3979 0.0266 0.0166 0.0353 0.0192 0.0195 0.0137
10000 6734 0.0226 0.0154 0.0279 0.0146 0.0175 0.0100

E. camaldulensis 15000 4591 0.0190 0.0146 0.0245 0.0161 0.0136 0.0098
17500 6989 0.0203 0.0135 0.0294 0.0170 0.0179 0.0118
10000 9523 0.0225 0.0160 0.0297 0.0187 0.0151 0.0099

E. nitens 15000 2823 0.0226 0.0167 0.0307 0.0195 0.0195 0.0156
17500 3061 0.0366 0.0264 0.0455 0.0319 0.0351 0.0264
10000 4625 0.0270 0.0159 0.0365 0.0184 0.0245 0.0136

Fig. 1. Relationship between parameters of the Weibull PDF and stand variables for the three species at the three stocking
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whereas for E. camaldulensis, greater precision was ob-
served consecutively at 5000, 7500, and 10000 trees 
ha−1. Apparently, the precision in the estimation of 
the relative frequency in diameter distributions was 
related to the degree of truncation of the observed 
distribution; here, we could see that A. melanoxylon, 
E. camaldulensis, and E. nitens, established at densities 
of 10000, 7500, and 10000 trees ha−1, respectively; 
showed greater degrees of truncation. These results 
agreed with the higher errors obtained (Table 1).

The results obtained show that, for the three spe-
cies analyzed, some stand variables were strongly 
related to the parameters estimated for the Weibull 
PDF (Fig. 1). It is observed that the location param-
eters (a) and scale (b) have a direct relationship with 
the mean height and mean square diameter, however, 
they showed weak relationship with the stocking and 
exhibit a tendency to decrease as stocking increased. 
The third parameter – shape (c) – also exhibits lit-
tle relationship with the stand variables. The three 
parameters increased slightly along with the mean 
height and the mean square diameter, despite this, 
the number of trees did not seem to explain the 
shape parameter. Although some independent vari-
ables alone did not denote a strong relationship with 
the estimated parameters of the Weibull PDF, these 
variables in equations [1], [2] and [3] achieved high 
precision in the PPRM method (Table 1).

Results of equations used to estimate parameter 
values with PPRM and percentile values with PRDP 
are presented in Tables 2 and 3, respectively. Simulta-
neous parameter estimations showed a higher num-
ber of significant estimations PPRM than for PRDP 
methods. This probably caused lack of precision for 
PRDP. In general, PPRM showed better precision of 
equations estimated by parameters â, b̂, ĉ and that 
was achieved for A. melanoxylon (equations [1], [2], 
and [3]). However, for PRDP, the equations predict-
ing the 0, 25, 50, and 95 distribution percentiles ([7], 
[8], [9], and [10]) obtained, in general, better RMSE 
values for E. camaldulensis.

Discussion
In this study, all predictive equations for param-

eters of the Weibull PDF were adjusted using the 
procedure of simultaneous estimation of parameters 
proposed by Borders (1989). Several authors that 
have used this procedure agree that consideration of 
endogenous dependent variables and random errors 
correlated among the equations improve the fit and 
generate consistent and unbiased estimators (Bor-
ders, 1989; Bullock & Burkhart, 2005; Cao, 2004; 
Jiang & Brooks, 2009; Qin et al., 2006).

Results of earlier studies analyzing the precision 
of PPRM and PRDP methods differed. Whereas some 
results highlight the predictive capacity of the PRDP 
method , others highlight the precision and parsimony 
of the PPRM method. Jiang and Brooks (2009) studied 
both methods of parameter prediction in plantations 
of Pinus palustris Mill. using trees from 3 to 20 years 
of age and stockings ranging from 273 to 857 trees 
ha−1. These authors found EI values of 20.9 (PPRM) 
and 11.8 (PRDP), disagreeing with our results, which 
show that PPRM is the more precise method. Cao 
(2004) tested six methods for predicting Weibull PDF 
parameters, including the PRDP method which was 
found to be deficient in terms of precision compared 
with the methods tested in this research. That author 
also developed an algorithm to estimate the Weibull 
PDF parameters through the maximum likelihood 
method evaluating the PPRM method; the EI showed 
more precise results than the PRDP method. Leduc et 
al. (2001) analyzed two similar procedures to PPRM 
and PRDP, obtaining similar results for both.

However, the system of linear equations with 
stand variables used to directly predict the Weibull 
PDF parameters showed better results than the 
method of parameters recovery evaluated using the 
index of fit. Several authors have mentioned that 
the estimation of the Weibull PDF parameters based 
on the percentile method leads to highly biased es-
timators (Lumbres & Jin Lee, 2014; Nanang, 1998; 

Fig. 2. Evolution of the parameters estimated with the Weibull PDF over time for the three species at the three stockings
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Zarnoch & Dell, 1985; Zhang et al., 2003). In gener-
al, the PRDP method was efficient for the parameters 
estimation of the Weibull PDF; however, its precision 
was conditioned by the level of truncation of the di-
ameter distribution (Borders & Patterson, 1990; Cao, 
2004; Jiang & Brooks, 2009; Nepal & Somers, 1992; 
Vanclay, 1995). Therefore, given the high variability 
of the diameter distributions of our bioenergy crops 
established at high stockings, its use is not recom-
mended (Fig. 3).

We observed for the three species a direct rela-
tionship between the estimated Weibull PDF param-
eters and the age of the plantation (Fig. 2). Bullock 
and Burkhart (2005) studying diameter distributions 
in juvenile Pinus taeda L. plantations obtained the 
same trends. These authors recorded that both the 
scale parameter (b) and shape (c) increased as the 
age of the plantation increased; although the shape 
parameter (c) showed a lower slope, like our results. 

However, Chen et al. (2019) argue that when the 
correlation between parameter estimation and the 
whole stand characteristics was weak, machine learn-
ing algorithm can well simulate nonlinear relations. 
In this research area, artificial neural network (ANN) 
models have been considered as an alternative to tra-
ditional tree diameter Weibull distribution models 
(Cai et al., 2010; Diamantopoulou et al., 2015; Leduc 
et al., 2001).

Conclusions

In this study we used the SUR method of simul-
taneous parameter estimation for the fit of the sys-
tem of equations of both methods of parameter pre-
diction. For PPRM the precision of these equations, 
evaluated based on RMSE, showed similar results in 
relation to other studies. However, with PRDP the 

Fig. 3. Comparisons of the predicted diameter distributions for each species group in four pine-oak stands. Estimated 
Weibull distributions from the four methods for plot 41
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system of equations was not able to explain with 
enough precision the distribution percentiles.

Weibull PDF parameters can be easily estimated 
from stand variables and these evolved in direct re-
lation to the age of the plantation. Useful variables 
to predict the parameters of the Weibull PDF were 
mean height and mean square diameter. However, if 
we consider the simultaneous estimation method, 
the number of trees per hectare did not seem to be 
a useful variable to predict these parameters. To re-
duce the system of equations, both in PPRM and in 
PRDP, each parameter-variable relationship should 
be evaluated prior to its incorporation into the sys-
tems; therefore, improving the simultaneous fits in 
terms of parsimony.

The PPRM method is more appropriate for pre-
dicting the parameters estimated of the Weibull 
PDF. According to both, the RMSE and the EI, PPRM 
obtains greater precision than the PRDP method. 
Apparently, in the early stages of growth, diame-
ter distributions are highly variable and truncated, 
therefore PRDP is not able to explain with precision 
the Weibull PDF parameters. For bioenergy crops 
established at high stockings (e.g greater than 5000 
trees ha−1), we recommend using PPRM to estimate 
the parameters of the diameter distribution using the 
Weibull PDF. This methodology could be useful in 
those cases in which part of the harvested crop may 
be considered for pulpwood or structural use.
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