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Introduction

The object of the presented study is 
tolerance modelling for an elastostatic 
problem in a multicomponent, multilay-
ered periodical structure. Tolerance mod-
elling (tolerance averaging technique) 
proposed by Woźniak (1993, 1999) is 
well known in the literature and is ap-
plied to investigate various problems for 
two-component periodic and function-
ally graded (FGM) structures. Applica-
tions of this theory in thermomechanics 
and dynamics can be found in monogra-
phies by Woźniak and Wierzbicki (2000), 
Woźniak, Michalak and Jędrysiak (2008) 
as well as Woźniak (2010). Stationary 
elastic problems, using the asymptotic 
variant of tolerance modelling, were in-
vestigated in Wągrowska and Witkows-
ka-Dobrev (2010), Witkowska-Dobrev 

(2014) as well as Witkowska-Dobrev 
and Wągrowska (2015). These publica-
tions also contained the analysis of the 
boundary layer effect for multilayered 
composites with transversal and longitu-
dinal gradation of effective properties. In 
the above-mentioned papers the exam-
ples were narrowed to one-dimensional 
problems. Elastostatic problems for bi-
functionally graded composites within 
the framework of tolerance modelling 
were studied by Czarnecka (2014). Ther-
mal stresses in periodic two-component 
multilayered structures were consid-
ered by Bagdasaryan (2016). Perliński, 
Gajdzicki and Michalak (2014) analysed 
the stability problems for a thin an-
nular two-component functionally grad-
ed plate interacting with elastic subsoil. 
Two models (tolerance and asymptotic) 
of thermo-elasticity problems for two-
-component transversally graded lami-
nates were proposed by Jędrysiak (2011) 
as well as Pazera and Jędrysiak (2015). 
A similar problem was analysed by 
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Ostrowski (2014) for a two-component 
longitudinally graded hollow cylinder. 

The tolerance modelling for struc-
tures which are composed of more than 
two materials was conducted for the heat 
conduction problems. The basic concept 
for modelling of heat conduction in mul-
ticomponent composites was presented 
by Woźniak (2012, 2013) and applied 
for periodic structures by Wągrowska 
and Woźniak (2014), Szlachetka and 
Wągrowska (2015), Wągrowska and 
Szlachetka (2016b) and for composites 
with transversal gradation by Szlachetka 
and Wągrowska (2016), Wągrowska and 
Szlachetka (2016a). The basic difference 
between the modelling of multicompo-
nent composites and the modelling of 
two-component composites is the new 
form of the shape function which is called 
an oscillating micro-shape function.

The primary aim of this paper is, bas-
ing on Woźniak (2012, 2013), to propose 
the form of the oscillating micro-shape 
function for elastostatic problems for 
a multicomponent multilayered compos-
ite and present some examples of bound-
ary value problems.

Object of analysis  

Let the physical space be param-
eterized by an orthogonal Cartesian co-
ordinate system Ox1x2x3. The object of 
analysis is a periodic, multicomponent, 
multilayered, elastic composite which 
occupies a region Ω ≡ (0, L1) × (0, L2) ×
× (0, L3) in the physical space and con-

sists of a large number 1 1N
N

��  of 

layers with constant thickness 1, L
N

 . 

Each layer is composed of P sub-
layers made of M homogeneous, ortho-
tropic, perfectly combined linear elastic 
materials. The number of sublayers is at 
least equal to the number of materials. 
Let us assume that the axes of orthotro-
py of the components coincide with the 
axes of the coordinate system Ox1x2x3. 
The scheme of the periodic layer of the 
considered composite is presented in 
Figure 1.

For the two-dimensional problem 
the elastic material properties in the p-th, 
p = 1, ..., P, orthotropic sublayer are de-
scribed by the values of elastic modulus 
tensors:

1111 1122
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1212

0

0 ,   1, ..,

p p

p p

p

C C

C C p P

C

  

Moreover, let φp, p = 1, ..., P, be posi-
tive constant values, such that φ1 +...+ φp =
= 1. The thickness of the p-th (p = 1, ..., P)
sublayer in each layer is equal to ηp =
= ηφp.

Let us introduce the decomposition 
of the i-th interval of periodicity into 
P subintervals i

p  which are defi ned as:

� � � �
1

1 1
1 , 1

p p
i
p k k k k

k k
i i
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p = 1, 2, ..., P,  i = 1, 2, ..., N

The set which is occupied by the p-th 
sublayer in the discussed composite can 
be described as follows:
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p = 1, 2, ..., P

For the two-dimensional elastostatic 
problems the displacements are not func-
tions of time and they depend on two 
variables x1 and x2, where x1 ∈ (0, L1), 
x2 ∈ (0, L2).

Assuming that the body forces per 
unit volume are equal to zero, the equa-
tions of equilibrium for the two-dimen-
sional problem take the form: 

11 12
,1 ,2
12 22
,1 ,2

0

0

�  

�  

For orthotropic components of com-
posite these equations in displacements 
take the form:

� �
� �� �

� �� �
� �

1111 1122
1,1 2,2 1

1212
1,2 2,1 2

1212
1,2 2,1 1

1122 2222
1,1 2,2 2

,

, 0

,

, 0

C u C u

C u u

C u u

C u C u

� �

� �  

� �

� �  

 (1)

where ijkl ijkl
pC C  when � �1 2, ,px x �   

p = 1, 2, ..., P

Equations (1) are a system of partial 
differential equations with discontinuous 
and highly oscillating coeffi cients. The 
solution of these equations is very diffi -
cult or even impossible. That is why there 
are so many methods of fi nding the ap-
proximated solution of these equations. 
Among them the following methods can 
be distinguished: asymptotic homogeni-
zation (Jikov, Kozlov & Oleinik, 1994), 
modelling with microlocal parameters 
(Matysiak, 1994) and tolerance model-
ling (Woźniak, 1999). This paper applies 
the tolerance modelling method.

Modelling concepts  

In the process of tolerance modelling 
for periodic composites notions of slowly 
varying function and tolerance averaging 
approximation are needed. These notions 
will be cited as in Woźniak et al. (2010). 

Slowly varying functions 

Let stand for an arbitrary convex set 
in the space Rm, and f ∈ C1(Π) be an ar-
bitrary real-valued function. Let us de-
fi ne the tolerance parameter d ≡ (η, δ0, 
δ1) as a triplet of real positive numbers. 

FIGURE 1. The scheme of a multicomponent multilayered periodic composite and its periodic layer
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The notation j
jx

ww {
w

, j = 1, ..., m will 

be used.
Function f ∈ C1(Π) is a weakly slowly 

varying function � � � �� �1 1WSVdf C� �  
if the condition � dx y  implies 
the conditions � � � � 0f f� dx y  and 

� � � � 1j jf fw � w dx y  for j = 1, ..., m 
and for all � � 2.�x,y

Function � �1WSVdf �  is a slowly 
varying function � �� �1SVdf �  if condi-
tions � � 0j fw dx  hold for j = 1, ..., m 
for every �x .

Obviously, � � � �1 1WSV SVd d� .

Tolerance averaging approximation

Defi ne interval ,
2 2

{ �  and 

a local interval � � ,
2 2

x x x{ � �  for 

every x ∈ [0, L].
Let � �2 (0, )xf L L� . The averaging 

of function f in point x over interval Δ(x) 

is equal to: � � � �
� �

1 .x
x

f x f z dz{

Let fx ∈ L2(Δ(x)) and 
� �� �1WSV 0,dF L� . The tolerance av-

eraging approximation of functions 
� � ,TfF x  � �1 Tf F xw  is given by func-

tions � � � �f x F x  and � � � �1 ,f x F xw
respectively.

� � � � � � ,TfF x f x F x{

� � � � � �1 1Tf F x f x F xw { w

Oscillating micro-shape function 

Function � ��  is an oscillating micro-
-shape function (for linear elastostatic 
problems) if � ��  is piecewise linear, 
with values on the interfaces between 
sublayers of a periodicity layer given by 

1111
0

1 1111 1 ,p p p
p

C
C� � �  p = 1, 2, ..., P

where 
1

1111
0 1111

1

P
i

i i
C

C

�

 
{  and 0 .

An example of an oscillating micro-
-shape function for a three-component 
structure is presented in Figure 2.

Modelling procedure  

The process of tolerance modelling 
is based on two assumptions. The fi rst 
assumption says that the displacement 
fi eld � ��u  is approximated by � ��u  in the 
form, Woźniak et al. (2010):

� � � � � � � � � �1x|  �u x u x w x v x  (2)

Fields � � � � � �� �1
2 2 1, , , 0,dx x SV L� � �w v  

are unknown vectors, which are called 
macro-displacement and the amplitude 
of fl uctuation of displacement, � ��  is 
the oscillating micro-shape scalar func-
tion, which is given a priori.

Before formulating the second as-
sumption let us defi ne the residual fi eld 
of � ��u  in the region Ω, Woźniak et al. 
(2015):

� � � � � � � �� �1 1 1 1
1
2

ijkl
i k l l k jr x C x u x , u x , ,{ �

for i, j, k, l = 1, 2
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The second assumption can be writ-
ten with formulas:

� � � �0,  0,   1,  2i iT Tr r i�  �   

Modelling equations  

Taking into account both of the men-
tioned assumptions and that � �2, ,x�w

� � � �� �1
2 1, 0,dx SV L� �v , the system of 

equations for unknown functions � �w �  
and � �v �  takes the form (Woźniak, 
Michalak & Jędrysiak, 2008):

The above system of partial differen-
tial equations and formula (2) represent 
what will be called the standard toler-
ance model.

It should be emphasized that the sys-
tem of Eqs. (3) obtained in the process of 
tolerance modelling has constant coef-
fi cients in contrast to the Eqs. (1).

The underlined components in the 
Eqs. (3) depend on the length parameter 
η. If η → 0, then the asymptotic model 
is obtained and it is possible to deter-
mine the amplitudes of fl uctuation by 
displacements:
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FIGURE 2. An example of an oscillating micro-shape function for a three-component periodic com-
posite 
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� �
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Then the equations for unknown dis-
placement fi elds � �1w �  and � �2w �  take 
the form:

� �
� �� �
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where:
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Examples

This section presents the distribution 
of an approximate displacement fi eld for 
two specifi c cases of multicomponent 
multilayered periodic composites. It is 
assumed that all materials of the dis-
cussed composites are homogeneous and 
isotropic, so the values of elastic modules 
are reduced to: C1111 = C2222 = 2μ + λ,
C1122 = λ, C1212 = μ where λ, μ are Lamé 
parameters.

Let us assume that the com-
posite, which occupies the region 

� � � �1 20, 0,L L{ u where L1 = 1.2 m, 
L2 = 1 m, is composed of P = 12 layers 
with constant thicknesses η = 10 cm. It 
means that the thickness of the periodic-
ity layer is equal to 10 cm. The periodic-
ity layer consists of fi ve sublayers made 
of three different materials. Thicknesses 
of sublayers “1”, “5”, are equal to 0.1η 
(η1 = η5 = 1 cm), thicknesses of sublay-
ers “2”, “4” are equal to 0.2η (η2 = η4 =
= 2 cm) and the thickness of sublayer 
“3” is equal to 0.4η (η3 = 4 cm). The 
sublayers made of the same material are 
distributed symmetrically with respect to 
the midplane of the periodicity layer.

The Lamé parameters related to the 
corresponding sublayers in considered 
cases are shown in the Table. 

The graphs of the oscillating micro-
-shape functions γ(·) for considered ex-
amples are shown in Figure 3.

It should be noted that if sublayers 
made of the same material are sym-
metrically distributed with respect to the 
midplane of periodicity layer, the graph 
of the oscillating micro-shape function 
is antisymmetric with respect to this 
midplane and that the oscillating micro-
-shape function is equal to 0 on the edges 
of the periodicity layer.
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The boundary conditions for the dis-
placements in both cases are: w1(0, x2) =
= f (x2), w1(L1, x2) = 0, w1(x1, 0) = 0, 
w1(x1, L2) = 0 and w2(0, x2) = 0, w2(L1, 
x2) = 0, w2(x1, 0) = 0, w2(x1, L2) = 0 where 

2
2 0

2
( ) sin xf x w

L
 , w0 = 0.1 m. The 

distributions of the macro-displacements 
w1 and w2, as well as displacements 1u  
and 2u  for Case 1 are shown in Figures 

4 and 5, respectively. Figure 6 presents 
the cross-sections of the macro-displace-
ments w1 and w2, as well as displace-
ments 1u  and 2u  for x2 = 0.1L2, x2 = 0.25L2
x2 = 0.5L2 in Case 1.

For Case 2 the cross-sections of the 
approximated displacements 1u  and 2u  
for x2 = 0.1L2, x2 = 0.25L2, x2 = 0.5L2 are 
presented in Figure 7.

TABLE. Lamé parameters 

Case Parameter [Pa]
Sublayer

1 2 3 4 5

1
λ (·1010) 4.583 5.108 9.515 5.108 4.583
μ (·1010) 0.625 2.632 4.478 2.632 0.625

2
λ (·1010) 5.108 4.583 9.515 4.583 5.108
μ (·1010) 2.632 0.625 4.478 0.625 2.632

a b

FIGURE 3. Graphs of the oscillating micro-shape function γ(·) in periodicity layer in Case 1 (a) and in 
Case 2 (b)

FIGURE 4. The distributions of macro-displacements: a – w1, b – w2 (Case 1)

a b
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FIGURE 7. The distributions of the approximated displacements 1u  and 2u  for x2 = 0.1L2 – the light grey 
line, x2 = 0.25L2 – the dark grey line, x2 = 0.5L2 – the black line (Case 2)

Conclusions  

Previous papers concerning the toler-
ance modelling analysed only two-com-
ponent composites. The shape function 
formulated there had the form which was 
proper only for the structures of this type. 

A limit pass to a one-component body 
within the framework of this model was 
not possible (Wągrowska & Szlachetka, 
2016b). The term of an oscillating mi-
cro-shape function for heat conduction 
problems, introduced by Woźniak (2012, 
2013), makes it possible to describe the 

FIGURE 6. The distributions of the approximated displacements 1u  and 2u  (the continuous line) and 
macro-displacements w1 and w2 (the dashed line) for x2 = 0.1L2 – the light grey line, x2 = 0.25L2 – the 
dark grey line, x2 = 0.5L2 – the black line (Case 1)

a b

FIGURE 5. The distributions of the approximated displacements: a – 1u , b – 2u  (Case 1)
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periodic multilayered composites made 
of many components. The form of this 
function gives the possibility of the limit 
pass from a multicomponent to a one-
-component body. Based on the defi ni-
tion of an oscillating micro-shape func-
tion for heat conduction problems, in this 
paper the form of an oscillating micro-
-shape function for elastostatic problems 
was proposed. This function has the same 
properties as an oscillating micro-shape 
function for heat conduction problems.

The infl uence of the structure of the 
composites is visible only on the ap-
proximated displacements distribution 
(compare Fig. 4 and Fig. 5 or lines of the 
same colour on Fig. 6). The presented 
examples show that approximated dis-
placements distribution strongly depends 
on the distribution of sublayers made of 
the given material. The calculations were 
made with the use of Mathematica 8.0 
software.
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Summary

Elastostatic problems in multicompo-
nent, multilayered periodic composites. 
The object of the analysis is a two-dimen-
sional elastostatic problem for multicom-
ponent, multilayered periodic composites. 
The equations of equilibrium for this com-
posite are obtained within the framework of 
tolerance modelling procedure. The paper 
presents two examples of solutions of bound-
ary value problems.
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